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About the book

Unlock the universe of mathematical reasoning with Danidl J. Velleman's
captivating book, "How to Prove It." Delve into the essential guide for
understanding the art of logic and proof, crucial for students and enthusiasts
alike. Velleman beckons you into aworld where abstract concepts transform
into tangible understanding through carefully crafted exercises and
examples. More than just atextbook, thisinsightful work illuminates the
pathway from problem to solution, encouraging you to harness intuition
alongside systematic strategy. Whether you're a beginner eager to master
these skills or an experienced learner brushing up on advanced techniques,
"How to Prove It" isyour gateway to the elegant ssimplicity and profound
complexity that mathematics has to offer. Embark on thisintellectual
adventure and find yourself questioning not just what you see, but why and
how it comes to be. The book promises clarity in the chaos and
understanding in the abstract, making it a must-read for anyone interested in

the foundations of logic and proof.
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About the author

Daniel J. Velleman is an esteemed mathematician and educator known for
his contributions to the field of mathematics and his dedication to teaching.
With aPh.D. in Mathematics from the University of Wisconsin-Madison,
Velleman has held esteemed academic positions, including a long-standing
tenure as a professor at Amherst College. He has consistently demonstrated a
passion for teaching mathematics, focusing on devel oping students
problem-solving abilities and logical reasoning skills. Velleman'swork is
characterized by his accessible approach to complex mathematical concepts,
as evident in his highly acclaimed book, *How to Prove It: A Structured
Approach*. Beyond authoring influential texts, he has contributed scholarly
articles to peer-reviewed journals, enriching the dialogue on mathematics
education and logic. His commitment to the field has made him a respected

figure among both his students and peers.
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Chapter 1 Summary: 1 Sentential Logic

The chapter on Sentential Logic delvesinto the foundations of mathematical
proofs, focusing on deductive reasoning and the logical connectives that
underpin it. Initially, examples of deductive reasoning illustrate how
conclusions stem from premises and the notion of validity—that an
argument isvalid if it'simpossible for al premisesto be true without the
conclusion aso being true. The chapter distinguishes between valid and
invalid arguments, and introduces the essential logic

(and), and - (not).

In logical analysis, replacing statements with letters like P and Q helps

isolate their logical form from their subject matter, aiding comprehension

and correctness assessment. The chapter explains how complex statements

form through these connectives and demonstrates symbolic representation

using connective symbols. For instance, P"( Q symbc

P and Q, and =P implies not P.

The next section on Truth Tables shows how these connectives determine
statements' truth values. Truth tables map out all truth values for premises
and conclusions, essential for assessing argument validity. An argument's
validity rests on truth tables confirmation that premises being true
necessitates a true conclusion. Various logical equivalences ssimplify these

analyses, such as DeMorgan's laws and the associative, idempotent, and
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distributive laws.

Variables and Sets extend the logic discussion to include statements with

variables. Statements involving variables are analyzed similarly to

propositional ones but focus on their truth sets—the set of values making

them true. This section overviews the concept of sets, set notation, and how

truth setsrelate to logical connectives. Moreover, operations on sets like
intersection (")), union ("*), and difference (\) relate

connective applications, with truth sets of combined variable statements

reflecting these set operations.

The chapter introduces Conditional (') and Biconditi
pivotal in expressing logical dependence and equivalence. The conditional P

I’ Q means "if P then Q," and its truth table highligh
Conditional statements often suggest an equivalence
deductive reasoning. Biconditional statements, P!" C
dependence or equivalence—both P implies Q and Q implies P. Various
equivalences involving conditionals and biconditionals, including the

contrapositive law and varied logical forms, are essential for rigorous logical

analysis.
Overadll, Sentential Logic, through its exploration of deductive reasoning,

logical connectives, truth tables, and set operations, builds a structured

framework crucial for mathematical reasoning, engaging fundamental
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techniquesin logic and proof assessment.
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Critical Thinking

Key Point: The Power of Truth Tables

Critical Interpretation: Imagine navigating life's myriad challenges
with the certainty of awell-laid truth table, atool that equips you to
discern clarity amidst uncertainty. Just as truth tables methodically
chart the truth values of premises and conclusions, they inspire away
to systematically evaluate situations, isolating cause and effect,
certainty and assumption. By embracing this logica approach, you
enhance your decision-making, ensuring your actions consistently
stem from reasoned, clear-headed foundations rather than hasty
judgment. It's the pursuit of truth that propels us towards wisdom, just
as truth tables illuminate valid paths amidst complex reasoning

landscapes.
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Chapter 2 Summary: 2 Quantificational Logic

In the chapter on "Quantificational Logic" from the book, we delve into the
realm of quantifiers, apivotal element in formal logic used to address
propositions that involve variables taking on a range of values. The chapter
Is structured to introduce the concepts, provide examples, and explore

equivalences and implications involved with quantifiers.

Section 2.1: Quantifiers

Quantifiers are introduced as logical tools that allow us to discuss the truth
of propositions dependent on values within a universe of discourse. Two

primary quantifiers are addressed:

1. Universal Quantbénaes tfiat xproposition P(x) holdstrue

for all elements x in a universe U, noted symbolical

2. Existential Q uanlExpresses (haf)there exists at |east one

element x for which P(x) is true, noted as" x P(x).

The section extends into examples to clarify meaning, demonstrating how
these quantifiers formalize logical statements. For instance, the clam "all

numbers squared are non-negative" is symbolized as
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universe of real numbers, reflecting its truth for all reals. Through examples
and exercises, the distinction between bound and free variables is made
clear: bound variables are those within the scope of a quantifier while free
variables remain unset, as highlighted in discussions about statements like

"x L(x, y), where x is bound yet y remains free.

Additionally, the section explores logical forms and expressions with
multiple quantifiers, revealing the importance of order, which affects their
meaning. For example, " X" y(x +y = 5) and" y" x(x +

significantly in truthfulness due to the sequence of quantifier application.

Section 2.2: Equivalences I nvolving Quantifiers

Here, equivalences between quantified statements are explored, alongside

negation laws that invert these quantifiers. An intriguing equivalence

involves negation: =" x P(x) mirrors" x=P(Xx), meanin
true, then P(x) is never true for any x. Similarly, ="
"x-P(x), stating 'not everything is' equals 'somethin

transformations ease the interpretation of complex logical propositions, akin

to translating "Nobody’s perfect" into =" x P(x) or ")
The discussion progresses into the exploration of quantifiers distributing

over logical connectives. The distribution laws demonstrate instances like
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"X(E(x)"™ T(x)) equates to" x E(x) "™ " x T(x), where c
distributes over universal quantification but not for existential quantifiers,
emphasizing the non-equivalence of " x(E(x) "™ T(x))

due to distinct subjects in these cases.

Section 2.3: More Operationson Sets

Thetopic of quantifiers extends into set theory, introducing more operations
on sets, significantly enhancing the comprehension of set characteristics.
Constructs like power sets (P(A), the collection of all subsets of A) and
indexed families of sets are introduced, amplifying the ability to categorize
vast collections and subsets systematically. Indexed families provide a
robust format for communicating collections with specific elements

identified by indices: {x_1 | 1" |} symbolizes an inc

Furthermore, the chapter covers the intersection and union of families of

sets, notated as")F and "*F, enabling comprehensive
elements common to or contained within any collection of sets, respectively.

This expansion serves as afoundational facet for advancing discussionsin

set theory.

Overall, the chapter thoroughly devel ops an understanding of quantifiers and
their application in logical analysis and set theory, vital for preciselogica
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reasoning and mathematical descriptions, forming a bridge from simple

logical propositions to complex mathematical expressions.
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Chapter 3 Summary: 3 Proofs

Certainly! Here's a summarized version of the chapters you provided,
organized to maintain logical flow and comprehension while introducing

new concepts and clarifying terminology:

Chapter 3: Proofs

This chapter delves into proofs, focusing on the strategies mathematicians
utilize to verify statements conclusively. Proofs resemble jigsaw puzzles:
though no prescribed order dictates their assembly, each piece must fit
perfectly to form a coherent picture. Likewise, proofs require a systematic

logic that ensures each step builds toward a rightful conclusion.

3.1 Proof Strategies

Mathematicians demand proof, not just conjecture, for clams. While
experimental methods help form hypotheses, proofs solidify them
conclusively. Proofs often resemble constructing jigsaw puzzles, where
understanding the entire picture only emerges with every piecein place. This
chapter aimsto equip you with proof strategies that leverage common

logical forms.
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A theorem generally links hypotheses to a conclusion. Counterexamples can
invalidate a theorem by proving cases where hypotheses hold, but the

conclusion does not. Thus, validation via proofsis indispensable.

For proofs:

- Treat hypotheses and conclusions methodically, ensuring every assertion is
fully justified.

- Use proof by direct argument, proof by contradiction, or cases depending
on the situation.

- Logical forms govern the direction of proofs, commonly seenin

implications, conjunctions, and biconditionals.

3.2 Proofs Involving Negations and Conditionals

Negation can be tricky in proofs. Often, rephrasing negative statements into
positive ones ssimplifies them. If that's cumbersome, proof by contradiction
Is effective, assuming the negated claim first to reach a contradiction.

For conditional goals (if P then Q):

- Directly assume P istrue.

- Alternatively, prove the contrapositive: assume Q isfalse and lead to P

being false.

These techniques are foundational in addressing statements involving
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conditional logic.
3.3 Proofs I nvolving Quantifiers

Quantifiers demand exact consideration because they state truths over entire
sets. To prove" x(P(x)), suppose x is arbitrary and p
"x(P(x)), find a specific instance where P(x) holds,

existence and uniqueness.

In existential instantiation, introducing a variable effectively for any value
establishes generality. This strategy is beneficial in proofs involving

intersections and unions.

3.4 Proofs Involving Conjunctions and Biconditionals

A conjunction (P™ Q) holds if both parts are true in
using a conjunction means treating each part as a separate given.
Biconditional statements (P!” Q) translate to provin

conditionals (both directions independently).

Approaches like equivalence chains can succinctly demonstrate complex

relationships, beneficial in set theory or algebraic identities.

3.5 Proofs Involving Digunctions
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Disjunctions (P"( Q) suggest proof by cases—each 0]
independently satisfy the requirement. In proofs, one can assume asideis
false and prove the other, exploiting the logical equ

-P!" Q for strategic flexibility.
3.6 Existence and Uniqueness Proofs

Showing unigueness often involves proving a specific instance meets a
condition (existence) and that it is the only one (unigqueness). Establishing or
refuting multiple trial hypotheses requires concise reasoning, demonstrating

only one valid solution through contradiction or direct proof.
3.7 More Examples of Proofs

More complex proofs tie together strategies of logic, game plans, and
numerous steps. They reveal beauty in mathematical proof's intricacy,
employing induction, algebra, or incorporating known mathematical

properties, asin limit proofsin calculus, to reach conclusions.

Each proof technique introduced builds on straightforward logical
manipulations and strategic uses of assumptions, quantifiers, negations, and
logical connectives, creating a potent toolkit for exploring and establishing

mathematical truths.

More Free Book %‘\ R
Scan to ov-vnl



https://ohjcz-alternate.app.link/zWumPVSnuOb

Critical Thinking

Key Point: Proof as Jigsaw Puzzle

Critical Interpretation: In your journey through life's complexities, the
concept of viewing challenges as jigsaw puzzles could revolutionize
your perspective. Just as each piece of a puzzle demands careful
placement to reveal the picture, life's problems require thoughtful
steps and alogical sequence toward resolution. Embracing this
mindset equips you with the patience and perseverance to tackle
obstacles methodically and intuitively. Instead of hastily seeking
shortcuts or jumping to conclusions, recognizing the need for every
piece to fit perfectly invites you to cherish the process of achieving
clarity and truth step-by-step. This measured approach not only
transforms how you solve problems but enhances your
decision-making and empathetic understanding of the broader picture,

just as a completed puzzleillustrates a cohesive narrative.
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Chapter 4. 4 Relations

In Chapter 4, we delve into the concept of relations, starting with the
fundamental notions of ordered pairs and Cartesian products, ultimately
leading to more complex structures such as equivalence relations and

orderings.

Section 4.1: Ordered Pairs and Cartesian Products

An ordered pair (a, b) is afundamental concept in mathematics, signifying
two elements where the sequence matters. Thisis essential for understanding
Cartesian products, denoted as A x B, which consist of all possible ordered
pairs (a, b) whereaisfrom set A and b isfrom set B. This section introduces
proving properties of Cartesian products, such as how they interact with set
operations like intersection and union. A Cartesian product of real numbers

R x R, for example, represents all points on a plane, denoted as R2.
Section 4.2: Relations
A relation from A to B is a subset of the Cartesian product A x B. Relations

can describe conditions such as "x is greater than y," forming a set of

ordered pairs where this holds true. We also define new concepts. domain
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(al first elements of the ordered pairsin arelation), range (all second
elements), inverse (reversing the elements in the ordered pairs), and

composition of relations (linking relations through intermediary elements).

Section 4.3: More About Relations

This section expands our view on relations by introducing notations such as

xRy to signify (x, y)" R. Graphically, relations can
directed graphs with vertices and edges for a better visual understanding of

their properties. Special properties like reflexivity (every element relates to

itself), symmetry (if xRy, then yRx), and transitivity (if xRy and yRz, then

XRz) are critical in analyzing relations, particularly in directed graphs.

Section 4.4: Ordering Relations

We explore partial and total orders. A partial order isarelation that is
reflexive, antisymmetric (if XRy and yRx then x =y), and transitive,
enabling the comparison of elements as"at least aslarge as' another. A total
order extends this by ensuring every element is comparable. Examples like
the subset relation or "less than or equal to" illustrate these concepts. We
also discuss the concepts of minimal, maximal, smallest, and largest

elements within the context of partial orders, highlighting their importance
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in mathematical structures.

Section 4.5: Closures

Closures build on existing relations to ensure additional properties
(reflexivity, symmetry, transitivity). For example, the reflexive closure of a
relation R isthe smallest reflexive relation containing R. Similarly,
symmetric and transitive closures ensure relations are symmetric and
transitive, respectively. The concept of strict partial ordersis aso
introduced, focusing on irreflexive and transitive relations that naturally

extend to partial orders through closure.

Section 4.6: Equivalence Relations

Equivalence relations are reflexive, symmetric, and transitive, playing a
critical role in mathematics by classifying elements into equivalence classes.
These classes partition a set such that each element belongs to only one
class, representing a specific "sameness' among elements. Examples, such
as people with the same birthday or numbers congruent modulo m, vividly
demonstrate how equivalence relations partition a set, providing a structured

way to group and analyze elements.
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These sections collectively equip us with a conceptual framework to
understand how relations, whether defining logical statements, ordering sets,
or establishing equivalence classes, form the backbone of many
mathematical theories and applications. The exercises incorporated ask usto
prove properties, verify different relations, and construct partitions,

enhancing our understanding of relations in a structured and methodical
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Chapter 5 Summary: 5 Functions

Chapter 5: Functionsand Their Properties

This chapter delves into the concept of functions in mathematics, discussing
their characteristics, and exploring various related concepts such as
one-to-one (injective) and onto (surjective) functions, as well astheir

inverses and images.

5.1 Functions

Functions are described as a special kind of relation between sets. When

dealing with a set of al people (P) and natural numbers (N), therelation H =

{(p, n)" P x N | person p has n children} shows a ft
because each person p islinked to exactly one number n, representing their

number of children. This is mathematically denoted

The chapter provides examples to illustrate functions:

1. Ffrom{1, 2, 3} to{4,5, 6} isafunction because each element of the first
set is paired with exactly one element of the second set.

2. G over the same domain is not a function because one element is paired

with multiple elements from the second set.
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3. L (linking citiesto countries) isafunction if every city belongs to one
country.
4. Relations that represent familial links or identity functions are examined

similarly for functionality.

The concept of afunction isfurther illustrated through practical examples,
such as assigning students to their academic advisors or describing a

mathematical operation like doubling a number.

5.2 One-to-one and Onto Functions

This section explores two essential properties of functions. being one-to-one
and being onto. A function is one-to-one if different inputs produce different
outputs, and onto (surjective) if every possible output islinked to some
input. Visual representation helps differentiate functions that do and do not

fulfill these properties.

Examplesinclude:

1. The function mapping natural numbers to their double valuesis
one-to-one.

2. A function describing heights of peopleisonto if every possible height
valueis attained.
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Proofs are provided to show how these properties influence the composition
of functions. For example, the composition of two one-to-one functionsis

one-to-one, and the composition of two onto functionsis onto.

5.3 Inverses of Functions

This section takes a closer look at when afunction'sinverseisaso a
function. If afunction is both one-to-one and onto, the inverse of that
function exists and will itself be a function. The mechanics and implications
of this are discussed with attention to the identity function which effectively

undoes the effect of another function.

For instance, if doubling a number is afunction, halving can beitsinverse
under the right conditions. The chapter demonstrates, using examples such

as seating arrangements at a concert, how these inverses operate.

5.4 Images and I nver se Images

Here, the concept of images and inverse images broadens the understanding
of mappings. Even if afunction is not one-to-one or onto, subsets of inputs
can have their images in outputs, and vice versa. This section is presented as

more of aresearch project where readers explore these ideas through guided
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guestions and hypothesize about the behavior of these images.

Overadll, the chapter systematically builds a comprehensive understanding of
the properties of functions, highlighting their importance in establishing

relations between different sets in mathematical contexts.
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Chapter 6 Summary: 6 Mathematical | nduction

Chapter 6 Summary: An Exploration of Mathematical Induction

6.1. Proof by Mathematical Induction

Mathematical induction offers a unique method for proving statements about
natural numbers (N ={0, 1, 2, 3, ...}). Thistechnique s particularly useful
because it allows for making generalizations about infinite sets through
finite steps. Essentially, the technique involves proving two main
components: the base case and the induction step. The base case
demonstrates that a property holds for the initial value (usually 0), and the
induction step shows that if the property holds for an arbitrary natural

number n, it must also hold for n + 1.

An exampleillustrated the concept: To prove that thesum 20+ 21 + ... + 2n
equals 2n+1 - 1 for al natural numbersn, one first verifies the base case
where n = 0. Then, by assuming the statement holds for n and proving it is
true for n + 1 using algebraic manipulation, one completes the proof by

induction.

6.2. More Examples
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Mathematical induction's versatility is demonstrated through various topics
beyond mere properties of numbers, involving more complex structures like
sets and orders. For instance, consider the claim: Every finite, nonempty
subset of a partialy ordered set has aminimal element. By assuming a
subset with n elements has a minimal element and proving it holds for a
subset with n + 1 elements, one confirms the claim through inductive

reasoning.

Another example extends this idea: proving that a partial order on afinite set
can be extended to atotal order. The process involves strategically removing
elements, applying the induction hypothesis, and reconstructing the relation
to cover al elements, demonstrating the inductive strength in establishing

comprehensive truth across structured domains.

6.3. Recursion and Its Relationship with Induction

Beyond number properties, induction closely tiesto defining recursive
functions, captivating many familiar functions' essence. By defining base
values and recursive rules, one crafts functions through which each
subsequent value depends on previous computations. This recursive

approach aligns with induction's logical framework.
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Consider the factorization of a number, expressed through recursive
computation (factorials, powers, etc.), culminating in real-world patterns
mirrored in mathematical expressions. Proofs often mirror recursive
definitions, exemplifying inductive reasoning's utility in verifying recursive

patterns.

6.4. Strong I nduction

Strong induction extends the ordinary method by assuming that all preceding
natural numbers satisfy a property rather than just its immediate predecessor.
Crucial in complex proofs, this variant effectively tackles propositions
where dependencies go beyond consecutive numbers, such as the division
algorithm, asserting any number can be expressed in terms of adivisor,

guotient, and remainder.

A classic application is the fundamental theorem of arithmetic, delineating
that every integer greater than oneis either prime or a product of
primes—integral to resolving problems in number theory. Here, strong

induction becomes instrumental, breaking down complex dependencies step

by step.

6.5. Closures Again

More Free Book %‘\ R
Scan to ov-vnl



https://ohjcz-alternate.app.link/zWumPVSnuOb

Transitive closure via induction offers a precise mathematical application,
ensuring each necessary combination of existing relationsin aset is
captured. Beginning with initial relations and systematically applying
compositions, one constructs the smallest transitive extension of a set,

critical in relational mathematics.

Proofs through transitivity exhibit mathematical induction's subtler utilities,
where innate properties require intricate logical constructs developed over
foundationally simple steps, reinforcing induction's powerful

comprehensiveness.

Exercises and Applications

Each section's practical exercises and thought experiments further illustrate
induction's robustness, challenging one's understanding of mathematical
reasoning, recursive functions, and complex number theories. Each problem
presents an opportunity to explore induction's logical architecture, from
proving inequalities to series summations and recursive sequence solutions,
consolidating this fundamental mathematical approach's diverse applications

and importance.
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Chapter 7 Summary: 7 Infinite Sets

### Chapter 7: Infinite Sets
7.1. EQuinumer ous Sets

The concept of equinumerous setsis introduced as a way to compare the size
of infinite sets, showcasing the surprising result that different infinities can
have different sizes. Counting finite sets involves establishing a one-to-one
correspondence between a set \(A\) and a set of natural numbers\( \{1, 2,
\Idots, n\} \). Equinumerosity, denoted \(A \sim B\), occurs when there'sa
bijective (one-to-one and onto) function between sets\(A\) and \(B)),
defining if sets have the same cardinality. Finite sets have a unique
cardinality determined by the smallest set of natural numbers equinumerous
with them. Infinite sets can also be equinumerous with surprising results; for
example, \( \mathbb{ Z} \), the set of al integers, is equinumerous with \(
\mathbb{ Z} *+\), the positive integers, despite containing all negative
integers and zero. Thisis demonstrated by defining a function that
rearranges integers from \( \mathbb{ Z} *+\) to \( \mathbb{ Z} \).

Utilizing one-to-one correspondences, even more surprising results arise

such as the countability of the Cartesian product \( \mathbb{ Z} "+ \times
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\mathbb{ Z} *+\), as a bijective function from this set to \(\mathbb{ Z} *+\)
can be demonstrated. These discoveries assist in establishing key properties
and theorems around equinumerosity — reflexivity, symmetry, and
transitivity. These properties suggest equivalence in the way these sets relate

in size.

Countability becomes a key concept when extending this to denote a set that
Is either finite or denumberable. The difference in the infinite realm between

countable and uncountable sets is teased through various functions and

mappings.

7.2. Countable and Uncountable Sets

The focus shifts to operations that preserve countability, revealing that
unions and products of countable sets remain countable. Through induction
and recursive reasoning, these principles are extended to even infinite
collections of countable sets or finite sequences of elements from countable

sets — each sequence itself being countable.

The vivid distinction between countable and uncountable sets comes to the
fore with Cantor’ s theorem, which states \( P(\mathbb{Z}"+) \) is
uncountable, and extends to demonstrate \( \mathbb{ R} \) — the real

numbers — is uncountable. Cantor’s diagonal argument, central to this
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discovery, ingeniously constructs a set of real numbers that cannot
correspond to any countable subset of real numbers thereby revealing the
breadth of uncountable infinity.

7.3. The Cantor—Schr 6der—Bernstein Theorem

When analyzing relative sizes of infinite sets, the theorem states if two sets
dominate each other through one-to-one functions, they are equinumerous,
giving apivota tool for claiming size similarity among infinite sets.
Through careful construction of functions and inter-relations, it confirms the
equivalence of seemingly unequal sets, showing the intertwined nature of

infinite set sizes.

Applications follow in elucidating more complex set relationships by
demonstrating equivalences where logical mappings seem inherently
difficult, thus revealing further nuancesin infinity.

Discussion on Infinite Sizes:

Ultimately, the exploration illustrates only two infinite sizes explicitly:

countable and what parallels \( P(\mathbb{ Z} *+) \) — expressing a new,
larger infinite size with \(\mathbb{ R}\). This exploration ignites deeper
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discussions on the continuum hypothesis, an unresolved gquestion on whether
any infinite set exists between these by size. Philosophically, it highlights
the intricacy and beauty that infinity imbues in mathematical exploration, as

Kantor's theories underpin ongoing mathematical discourse.
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