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About the book

"Proofs from THE BOOK" by Martin Aigner is a captivating exploration of
the beauty and elegance inherent in mathematical proofs, showcasing a
curated selection of the most fascinating and profound demonstrations in
mathematics. The title references the mythical "Book" in which God has
written the most elegant proof for every mathematical truth, a concept that
resonates with the aesthetic appeal of mathematical discovery. Each proof
presented in this collection is more than just alogical argument; it unvells
deeper insights into the nature of mathematical thought and the creativity
involved in problem-solving. Aigner’s clear exposition invites readers from
all backgrounds—whether seasoned mathematicians or curious
newcomers—to appreciate the artistry of mathematics and to witness
firsthand how mathematical reasoning can be a source of wonder and
inspiration. Engage with this remarkable compendium that not only
enlightens but also celebrates the joy of learning through the lens of
mathematical beauty.
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About the author

Martin Aigner is a prominent Austrian mathematician renowned for his
contributions to combinatorial mathematics and for hiswork in
mathematical education. Born on March 14, 1938, Aigner has spent much of
his academic career at the Technical University of Berlin and later at the
Humboldt University of Berlin, where he has inspired generations of
students through his engaging teaching and innovative research. Heis
perhaps best known for co-authoring the acclaimed book "Proofs from THE
BOOK" with Giinter M. Ziegler, which showcases elegant proofs across
various branches of mathematics, embodying the beauty and creativity
inherent in mathematical thought. Aigner's passion for mathematics and his
commitment to communicating its wonders make him arevered figure in the
field, while his work continues to influence mathematicians and enthusi asts

alike.
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Chapter 1 Summary: Six proofs of the infinity of primes

### Six Proofs of the Infinity of Primes

Chapter 1 Summary

The exploration of the infinity of prime numbers beginswith Euclid’s
seminal proof, one of the earliest recorded demonstrations of this concept,
found in hiswork * Elements*. Euclid’s method establishes that no finite set
of primes can encompass all primes. He constructs a number \( n\) by
multiplying a given set of primes and adding one. This new number must
possess a prime factor that is not included in the original set, proving that

primes are infinite.

To clarify some terminology, we define \( N \) as the natural numbers\( \{ 1,
2, 3, \Idots\} V), \( Z\) asthe integers including both positive and negative
values, and \( P\) asthe set of prime numbers\( \{2, 3, 5, 7, \Idots\} \).

Building upon Euclid’ s foundation, five additional proofs follow, each
reflecting varied mathematical techniques but ultimately supporting the

same conclusion: the infinitude of primes.
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1. Goldbach's Proof: Introduced through the Fermat numbers\( F_ n=

2N 2"n} + 1\). It demonstrates that any two Fermat numbers are coprime,
meaning they share no common divisors except 1. The proof employs
mathematical induction to confirm that each Fermat number differs from one

another, thus necessitating infinite primes to factor them.

2. Mersenne Number s Proof: This proof assumes primes are finite and
identifies the Mersenne number \( 2*p - 1) associated with the largest
prime\( p\). By showing that any prime dividing this Mersenne number
must be greater than \( p\), it reaches contradiction, reinforcing the notion of

infinite primes.

3. Analytical Proof: The third proof, derived from calculus, states the
function \( \pi(x) \) counts the number of primes less than or equal to \( x\).
By comparing the area under the curve of the function \( f(t) = \frac{ 1}{t} \)
with the sum indexed by primes, it revealsthat as\( x \) grows indefinitely,

so does \(\pi(x) \), indicating that prime numbers cannot be finite.

4. Topological Proof. By establishing a specific topology on the integers,
the proof illustrates that any collection of integers with a prime divisor must
result in an infinite union of sets. If \( P\) were finite, thiswould yield

contradictions based on established properties of open and closed setsin
topology.
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5 Euler'sSeriesProof : ErdQs’s proof not only shows the in
primes but further reveals that the series\(\sum_{p\in P} \frac{ 1}{p} \)

diverges. By assuming convergence, it leads to an inconsistency between the

count of numbers divisible by small and large primes, concluding that

infinitely many primes must exist to maintain integer properties.

Each of these proofs, while individually unique in approach, underscores a
unified mathematical principle: primes are unbounded in their quantity,

reinforcing their fundamental role in number theory.
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Critical Thinking

Key Point: The Infinity of Primes Represents Endless Possibilities
Critical Interpretation: Consider the profound insight that the infinity
of prime numbers teaches us about the limitless potential in our own
lives. Just as Euclid’s proof shows that no matter how many primes
we find, there are always more to discover, we too can embrace the
idea that there are endless opportunities waiting to be realized. This
inspires you to pursue your goals with the understanding that, like
prime numbers, your potential for growth and achievement is
boundless. Life can be seen as a series of infinite paths where every
challenge leads to new possibilities, encouraging you to remain

curious and persistent in your journey.
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Chapter 2 Summary: Bertrand’s postulate

Chapter 2: Bertrand’s Postulate

Joseph Bertrand was a mathematician who famously conjectured that
thereis at least one prime number between any number \( n\) and \( 2n\)
for al \( n\geq 1\). This assertion holds significant implications for the
distribution of prime numbers—specifically, it implies that the gaps between

successive primes cannot grow indefinitely.

To illustrate this concept, Bertrand introduced a clever method using a
product of prime numbers. If we define\( N \) as the product of all primes
lessthan \( k + 2\), then any number \( N +1i\) for\( 2\legi \legk + 1\) is
guaranteed to be non-prime, since\( i \) can be factorized by a prime less
than \( k + 2\) that also divides\( N \). For example, with\( k = 10\), none
of the numbers from 2312 to 2321 are prime. This demonstrates that while

primes are infinite, gaps can also appear, but not beyond certain limits.

Bertrand's postulate was initially verified for numbers less than 3,000,000

through empirical evidence, later proved for al \( n\) by Pafnuty Chebyshev

in 1850. The renowned Indian mathematician Ramanujan subsequently

provided a more straightforward proof. The proof attributedto Paul Er,dQs
which is discussed here, originated from hisfirst published work at just 19
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years of age.
#ttt Proof of Bertrand’ s Postulate

The analysis of Bertrand's postulate involves estimating the size of the
binomial coefficient \( \binom{ 2n}{n} \) while showing that if it doesn't
possess prime factors in the range between \( n\) and \( 2n\), it becomes

"too small." The proof unfoldsin five steps.

1. Base Casefor Small Values: Theinitial step proves the postulate for \(
n < 4000 \) without exhaustively checking all cases
L andau'strick, selecting the primes: 2, 3, 5, 7, 13, 23, 43, 83, 163, 317,
631, 1259, 2503, and 4001, all of which are primes that double their
predecessors. This guarantees that every interval \( \{y: n<y\leq 2n\} \) for
\( n\leq 4000\) contains at least one of these primes.

2. Product of PrimesEstimation: ErdQs asserts that the product
primes up to any number \( x \) islessthan or equal to \( 4x\), valid for all

real \( x \geq 2\). This proof utilizes mathematical induction. For the largest

prime\( g\) not greater than \( x \), the evaluated product follows\( \prod {p

\legx} p=\prod {p\legq} p\) and resultsin\( 4™ g-1} \leg 4x\).

3. Analyzing Prime Contributions: For primes greater than \( \sgrt{ 2n}
\), they appear at most oncein\( (2n)! / (n1)*2\). Moreover, primes within

Dlgrid

More Free Book R
[0
Scan to Download



https://ohjcz-alternate.app.link/zWumPVSnuOb

the gap of \( \frac{2}{3}n < p \leg n\) do not contribute at all to this

guotient.

4. Estimating the Binomial Coefficients. Combining previous
calculations, ErdQs derives bounds for \( \binom{ 2r
\geqg 3\), he establishes \( \binom{ 2n}{n} \) is considerably large compared
to a specific function of \( n\). Thisleads to the conclusion that gaps
between primes remain limited as they must appear in the calculation of \(
\binom{ 2n}{n} \).

5. Concluding with Stirling’'sApproximation: Finally, ErdQsStempl o)
ling's for mula to procure high-accuracy estimates of factorials,

reinforcing the bounds established earlier. This connection between prime
distributions and factorial growth helps finalize the understanding of

Bertrand’ s postulate as a fundamental truth in number theory.

In summary, Chapter 2 offers a comprehensive exploration of Bertrand's

postulate, demonstrating not only the relationships between primes and gaps
between them but also showcasing the mathematical ingenuity required to

establish such results. Through a structured proof involving binomial

coefficients and properties of primes, the text lays foundational insights into
prime number theory, culminating in ErdQs' signific

field at aremarkably young age.
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Chapter 3 Summary: Binomial coefficients are (almost)
never powers

In Chapter 3, titled "Binomia Coefficients Are (Almost) Never Powers," the
narrative explores an intriguing consequence of Bertrand’ s postulate and
dives deeper into the characteristics of binomial coefficients. Bertrand's
postulate, originally established in 1845 by Joseph Bertrand, asserts that for
any integer \( n > 1\), there exists at least one prime number between \( n\)
and \( 2n\). This concept is strengthened by J.J. Sylvester in 1892, who
assertsthat if \( n\geq 2k \), at least one of the integers\( n, n-1, \ldots,
n-k+1\) has a prime factor greater than \( k \).

Building on this foundation, Paul ErdQs later reform
theorem in terms of binomial coefficients, specifically \( \binom{n}{k} \),

which equals \( \frac{n(n-1)\cdots(n-k+1)}{k!} \). E
for \( n\geqg 2k \), the binomial coefficient \( \binom{n}{k} \) aways
contains a prime factor \( p\) that exceeds \( k \).

The chapter then shifts focus to the fascinating question of when the

binomial coefficient \( \binom{n}{k} \) can equal apower \( m*{\ell} \),

where \( \ell \geq 2 \). ErdQs identifies several spec
pairs of integers that satisfy this condition when \( k =\ell =2\), and

provides examples such as\( \binom{ 9}{ 2} = 6"2\) and \( \binom{50}{3} =

1402 \). Y et he concludes that starting from \( k \geq 4\), there are no
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integer solutions with \(\ell \geq 2\), culminating in his pivotal theorem: the
equation \( \binom{ n}{k} = m™{\ell} \) has no integer solutions under these

conditions.

To prove this theorem, ErdQs crafts a four-part argu
First, he leverages Sylvester's theorem to show that any prime factor \( p\)

of \( \binom{ n}{k} \) must also divide one of the factors\( n, n- 1, \Idots, n -

k +1\), leading to the conclusion that \( n\) must be significantly large.

Next, he examines the individual factors\( n - j \) and demonstrates that they
can be expressed in terms of distinct factors\( a j \) multiplied by \(

m™M\ell _j} \), where\( a j\) has prime factorsonly up to\( k \). Thisleads

ErdQs to establish that these factors must be distinc
integers\( 1, 2, \ldots, k \). He utilizes properties of factorials and prime
factorization, particularly referencing Legendre's theorem, to navigate the

divisibility conditions.

ErdQs presents a series of inequalities to refute the
\binom{ n}{k} \) being a power \( mM{\ell} \), establishing a contradiction
through logical deductionsinvolving the structure of products and their

respective powers.

Thisinsightful mix of combinatorial number theory and prime factorization

culminates in a broader understanding of binomial coefficients, underscoring
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the rarity of them being powers, particularly as the parameters grow

larger—a theme that resonates through ErdQs' work
philosophy. The chapter concludes not just with a theorem but with an

enriched appreciation of the interplay between primes and binomial

coefficients within the realm of number theory.

Aspect
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Chapter 4. Representing number s as sums of two squares

Chapter 4. Representing Numbers as Sums of Two Squar es

In this chapter, we explore the classical question of which natural numbers
can be expressed as a sum of two squares, atopic of deep significancein
number theory. The key redlization is that every prime number of the form
\(4m + 1\) can be represented as the sum of two squares, aresult attributed to
Pierre de Fermat, which G. H. Hardy famoudly hailed as “one of the finest in

arithmetic.”

#i# Key Classes of Prime Numbers

To understand the relationships between primes and their representation as
sums of sgquares, we first categorize prime numbers into three classes based
on their congruence modulo 4:

1. Prime\(p = 2\): Thisisaunigue case.

2. Primes of the form \(p = 4m + 1\): These primes can be represented as
sums of two squares.

3. Primes of the form \(p = 4m + 3\): These cannot be represented in

such away.
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Using Euclid’ s method, we establish the infinitude of the \(4m + 3\) primes.
If we assume finiteness and take the largest such prime \(p_k\), we can
construct \(N_Kk\), which is congruent to 3 modulo 4, ensuring the existence

of alarger \(4m + 3\) prime, leading to a contradiction.
### Lemmas and Proofs

The chapter presents important lemmas detailing properties of primes with

regards to representations of \(s*2 \equiv -1 \mod p\):

- Lemma 1 states that for primes of the form \(4m + 1\), there exist two
solutions, while for \(4m + 3\), no solutions exist. This paves the way to
demonstrate that every odd prime dividing \(M”2 + 1\) must be of the form

\(4m + 1\), implying the infinitude of such primes.

- Lemma 2 demonstrates that no number of the form \(4m + 3\) can be

expressed as a sum of two sguares, supporting our general theory.
## The Main Proposition
The chapter progresses to a pivotal proposition that asserts every prime \(p =

4m + 1\) can be expressed as \(p = x"2 + y"2\) for some integers \(x\) and
\(y\). Two distinct proofs are provided, both of which reveal surprising
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techniques:

1. The First Proof employs the pigeonhole principle to show that for any
s, the pairs\((x', y")\) create a situation where two distinct pairs lead to the

same modular expression, ultimately establishing the existence of a solution.

2. The Second Proof, introduced by Roger Heath-Brown, employs linear
transformations (involutions) to analyze the structure of the integral
solutions for the expression \(4xy + z*2 = p\), eventually illustrating that the

count of solutions resultsin necessary representations of \(p\).
### Theorem on Representability

The ultimate theorem presented concludes that a natural number \(n\) can be
represented as a sum of two squaresif and only if every prime factor of the
form \(p = 4m + 3\) appears with an even exponent in \(n\)'s prime

factorization.

The proof of thistheorem draws upon five key facts, establishing
foundational cases and demonstrating how products and multiples of
representable numbers maintain this property. This combination solidifies

our understanding of sum-of-squares representations in number theory.

#tt Conclusions and Further Remarks

More Free Book %‘\ R
Scan to ov-vnl



https://ohjcz-alternate.app.link/zWumPVSnuOb

This chapter not only clarifies the conditions under which numbers can be
represented as sums of squares but also addresses notable implications
regarding the distribution of primes, including a discussion of Chebyshev’s
bias. The exploration of these mathematical principles provides a robust

understanding of one of the classical problemsin number theory.

The chapter ultimately serves as a gateway into deeper explorations of
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Chapter 5 Summary: Thelaw of quadratic reciprocity

Summary of Chapter 5: The Law of Quadratic Reciprocity

In the landscape of mathematical theorems, none has been proved as
frequently as the law of quadratic reciprocity, afundamental result in
number theory with a staggering 196 documented proofs as of 2000. First
completely proved by mathematician Carl Friedrich Gaussin 1801, this
theorem examines the relationship between prime numbers and quadratic
residues, with subsequent contributions from notable figures like Ferdinand
Gotthold Eisenstein.

The chapter begins by introducing quadratic residues—an integer \(a) is
termed a quadratic residue modulo an odd prime \(p\) if there exists some
integer \(b\) such that \(a\equiv b*2 \mod p\). If no such \(b\) exists, \(a)) is
considered a quadratic non-residue. For any odd prime \(p\), exactly half of
the integers between 1 and \(p-1\) are quadratic residues, while the other half

are non-residues.

To facilitate discussions about quadratic residues, the chapter introduces the
L egendre symbol, \( \left( \frac{ a}{p} \right) \), which takes the value 1 if
\(ad\) isaquadratic residue, -1 if it isanon-residue, and is undefined for \(a

\equiv 0 \mod p\).
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The narrative then progresses to capitalizing on Fermat's Little Theorem,
which posits that for any integer \(a\) not divisible by prime\(p\), it holds
that \( 2\{ p-1} \equiv 1 \mod p\). This theorem serves as a backdrop for
establishing the ensuing derivations.

Key results are derived using algebraic identities and the structure of
multiplicative groups modulo \(p\). Notably, Euler'scriterionis
established, which relates the Legendre symbol to powers of integers
modulo \(p\).

Gauss's quest to bridge the understanding of quadratic residues led to the
formulation of the law of quadratic reciprocity. Thislaw states that for

two distinct odd primes \(p\) and \(q\):

\[

\left( \frac{ g} {p} \right) \left( \frac{p}{q} \right) =
(-DY\frac{ (p-1)(a-1)}{4}}.

\

The implications of this theorem reflect a profound symmetry between \(p\)

and \(q\) based on their congruence classes modulo 4.

Two distinct proofs of the law are examined in this chapter. The first,
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Gauss's third proof, utilizes the Lemma of Gauss, which relates the count
of negative residues arising from multiplying a number \(a\) with all
integers up to \(\frac{ p-1}{ 2} \) modulo \(p\). Thislemma serves as a critical

tool to establish the relationship of \( \left( \frac{a}{p} \right) \) to the count

of these residues.

The second proof departs from direct counting arguments and employs Gaus
ssumsin finite fields. Gauss sums are structured around the roots of

unity within cyclotomic fields, enriching the understanding of reciprocal
relationships in quadratic residues. Calculations here provide an aternate

vistainto the reciprocity law, showcasing deeper algebraic interconnections.

The chapter concludes with the observation that Gauss's lemma underpins
many published proofs of quadratic reciprocity, reflecting the theorem's
enduring resonance in the mathematical community. By intertwining
elementary definitions with rich historical context, the chapter illustrates not
only the theorem'’s significance but also its central role in extending
mathematical thought beyond mere number theory into a broader algebraic

landscape.
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Critical Thinking

Key Point: Understanding Reciproca Relationships

Critical Interpretation: Just as the law of quadratic reciprocity
Illustrates a profound symmetry between prime numbers, it inspires us
to recognize the reciprocal relationshipsin our own lives. It servesas a
reminder that our actions and choices often reflect back on usin
unexpected ways, shaping our circumstances and relationships.
Embracing this interconnectedness can guide usin building

meaningful connections and understanding the intricate balance
between giving and receiving, ultimately enriching our personal and

social experiences.

More Free Book %‘\ R
Scan to ov-vnl


https://ohjcz-alternate.app.link/zWumPVSnuOb

Chapter 6 Summary: Every finitedivison ring isafield

In Chapter 6, "Every Finite Division Ring isaField," Ernst Witt explores the
fundamental relationship between division rings and fields within the realm
of algebra. A division ring, which includes a multiplicative identity and
inverses for every non-zero element, is differentiated from afield mainly by
the lack of commutative multiplication. The quaternions, a notable example
of a non-commuitative division ring discovered by William Rowan

Hamilton, serveto illustrate this distinction.

Witt introduces a crucial theorem asserting that any finite division ring must
be commutative, thus qualifying as afield. This result, often attributed to
mathematician MacL agan Wedderburn, emphasizes a surprising link
between the algebraic structure of division rings—specifically, the count of

elements—and the behavior of multiplication within those systems.

To prove the theorem, Witt employs a blend of linear algebra and group
theory. He begins by defining the centralizer \( C_s\) of an arbitrary element
\( s\in R\) asthe set of elements that commute with \( s\), establishing that
it forms a sub-division ring of \( R\). The center \( Z\) of \( R\), which
consists of al elements that commute with every other element in\( R\), is
shown to be afinite field. By denoting the size of the center as\( |Z| =q)\),
he confirms through vector space relationships that the size of \( R\) is
expressed as \( |R| = g*n\), where \( n\) denotes the dimension of \( R\)
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over\(Z\).

Witt further assumesthat \( R\) is not afield, suggesting the existence of an
element \( s\) for which \( C_s\) does not encompass the entirety of \( R\).
Thisleads to the development of equivalence relations and the establishment
of an elaborate class formula involving the number of non-zero elementsin
\( R\), ultimately revealing that certain conditions regarding divisibility

emerge.

The second pivotal ingredient in Witt's proof involves the concept of roots of
unity from complex analysis, specifically exploring the polynomial \( x*n - 1
\) and itsroots. These roots, residing on the unit circle in the complex plane,
relate to the order of elements, with implications distilled from Lagrange’s

theorem regarding group orders.

Through careful manipulation of polynomials and their coefficients, Witt
deftly asserts that under the assumption of non-commutativity,
contradictions arise concerning integer divisibility. Ultimately, he concludes
that this contradiction negates the initial assumption that \( R\) isnot afield.

Witt's elegant proof not only demonstrates the theorem but also bridges
various mathematical concepts, showcasing the interconnectedness of finite
algebraic structures and their properties. With contributions from various

mathematicians over time, including Dickson and Artin, Witt's work
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solidified a fundamental understanding of division rings in finite settings.
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Chapter 7 Summary: Someirrational numbers

Chapter 7 Summary: Some Irrational Numbers

This chapter delves into the concept of irrational numbers, particularly

focusing on A (pi) and e (Euler's number). The origi
irrational trace back to Aristotle, who posited the incomparability of a

circle's diameter and circumference. However, it was Johann Heinrich

L ambert who first proved this proposition in 1766. In 1947, Ivan Niven

presented a notably elegant and straightforward proof relying on elementary
calculus, which established that A is irrational and
implications, such as the irrationality of A2, and e’

number r.

Before turning to A, the chapter first explores e and
accessible undertaking historically and mathematically. The chapter begins

by establishing that e, defined by the seriesexpansone=1+ 1/1! + 1/2! +

1/3! + ..., isirrational. The reasoning behind this lies in assuming e can be
expressed as a fraction (&/b), which leads to contradictions as shown through

careful manipulation of the series and its factorial components.

The narrative continues with historical contributions from Charles Hermite,

who demonstrated that e is a transcendental number—not the root of any
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polynomial with rational coefficients. Thislaid the groundwork for further
results regarding powers of e. Specifically, Hermite's work sustains the
arguments demonstrating the irrationality of e2 and ¢

sophisticated approximation technique that builds on earlier techniques.

The chapter moves ahead to assert that for any odd |
expression A(n) = (1/A) arccos(1/' n) is also irration
pivotal dueto its applicationsin Hilbert's third problem. It’ sillustrated that
rationality in A(n) leads to contradictions based on classical number theory

and properties of trigonometric functions.

The chapter concludes by referencing ways in which mathematicians such as
Liouville and later contributors utilized polynomial approximations to
develop proofs further asserting the irrationality of various numbers,

culminating in areliance on the foundational work by Hermite.

With its clear logical progression, the chapter provides a cohesive narrative
of the studies surrounding irrational numbers, their historical implications,
and the mathematical techniques employed to affirm their existence. In this
synthesis, the author not only educates on the principles of irrationality but
also interweaves the contributions of key figures in mathematical history to

enhance the understanding of these significant numbers.
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Chapter 8:

Summary of Chapter 8. Euler's Series and the Riemann Zeta Function

In this chapter, we explore the mathematical significance of Euler's famous
result from 1734, which asserts that the sum of the reciprocal of the squares

converges to aremarkable value:

\[
\sum_{ n=1}M\infty} \frac{ 1} {n"2} =\frac{\pi*2}{6}.
\

Thisresult is foundational in number theory and is the first non-trivial value
of the Riemann zeta function, specifically \( \zeta(2) \). Additionally, it has
been established that thisvalueisirrational.

The chapter presents several elegant proofs of this result:

1. The Double Integral Approach: Thefirst proof, rooted in William J.
LeVeque's 1956 textbook, evaluates a double integral. Theintegra is
expressed in terms of a geometric series expansion. The evaluation leads to

the conclusion that:
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\[
\int_ 0 \int_ 0™ \frac{ 13{ 1 - xy} \, dx \, dy = \zeta(2).
\]

2. Change of Coordinates The second proof employs a clever change of
coordinates to transform the domain of integration, ultimately expressing

the original integral in a new form that neatly computes to \( \frac{\pi*2} { 6}
\).

3. Elementary Proof via Cotangent Values The third proof, presented

by mathematicians Akiva and Isaak Y aglom, involves a fascinating identity
connecting the values of the cotangent function. By establishing
rel ationships between squared cotangents and employing polynomial

anaysis, the proof concludes with the established sum.

We also discuss the convergence of the seriesto \( \frac{\pi*2}{6} \). This
convergence is not rapid; the chapter elaborates on how using integral
comparison techniques allows us to estimate the remainder error when
summing the series. Even with alarge number of terms, the error remains

perceptible, showcasing the series slow convergence characteristics.
Finally, the chapter touches on the Riemann zeta function \( \zeta(s) \),

which embodies a deegp connection within number theory and prime

factorization through its formulation. It introduces several critical properties
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of \(\zeta(s) \), including itsirrationality at even integers, properties of its
non-trivial zeros, and the ongoing intrigue surrounding its values for odd

integers—particularly the conjecture regarding their irrationality.

Overall, Chapter 8 intricately weaves the legacy of Euler's work into modern

mathematics, providing not just proofs but also insights into the profound
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Chapter 9 Summary: Hilbert’sthird problem:
decomposing polyhedra

Chapter 9 Summary: Hilbert’s Third Problem and Decomposing Polyhedra

In his landmark address to the International Congress of Mathematiciansin
1900, David Hilbert presented twenty-three mathematical problems, among
which was his third problem concerning polyhedra. Hilbert posed the
challenge of demonstrating the existence of two tetrahedra with equal bases
and heights, yet which cannot be subdivided into congruent tetrahedra, nor
can they be combined with congruent tetrahedra to form two other polyhedra
that can be split into congruent tetrahedra themselves. Thisinquiry was
inspired in part by Carl Friedrich Gauss, whose earlier correspondence
hinted at the potential for a straightforward proof of Euclid' s theorem
regarding the volumes of pyramids based on the area of their bases and their

heights.

Hilbert’ s expectation was that, unlike planar figures—which can be
dissected into congruent components—the same might not hold for three
dimensions. He was correct: Max Dehn, a student of Hilbert, ultimately
developed arigorous solution to the problem through a series of papers
published between 1900 and 1902. Despite the complexity of Dehn’s work,
it laid the groundwork for understanding equidecomposability—whether two
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polyhedra can be transformed into one another through dissections—and
equicomplementability—the ability to add congruent components to make

two shapes equidecomposable.

A pivotal ssimplification in understanding these concepts came from V. F.
Kagan in 1903, who introduced the "cone lemma." This lemma helped refine
geometric proofs by showing that under certain conditions, if
decompositions of polyhedrayield a positive real solution, then there also
exist integer solutions, making the analysis of such problems more

manageable.

The chapter introduces technical definitions of equidecomposable and

equi complementabl e polyhedra with detailed explanations. The "pearl
lemma," asserts that for equidecomposable objects, it’s possible to assign
integer values to the segments of their decompositions such that congruence
IS preserved across corresponding edges, allowing further examination of

geometric configurations.

Central to Bricard's condition—a theorem that provides a connection
between the dihedral angles (the angles between adjacent faces) of
equidecomposable polyhedra—is its assertion that if two polyhedrawith
specific dihedral angles are equidecomposable, then their angle relationships
must adhere to alinear combination of those angles plus an integer multiple

of A. This relationship serves as a critical conditior
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shapes can be dissected into congruent pieces.

Several examplesillustrate the application of Bricard’s condition to
tetrahedra of varying configurations, showcasing instances where these
tetrahedra cannot be equidecomposable or equicomplementable, thereby
solving Hilbert’ s third problem. Each example rigorously calculates the
relevant dihedral angles, demonstrating that the relationships between these
angles confirm or refute the potential for appropriate dissections based on
earlier established irrationality results,

Finally, the appendix provides foundational knowledge regarding polytopes
and polyhedra, discussing convex shapes defined by their vertices and edges,
along with their generalizations to higher dimensions. This background
ensures a comprehensive understanding of the geometric concepts at play,
reinforcing the significant interplay between geometry and algebrain

tackling Hilbert’ s third problem.

In essence, Chapter 9 encapsulates arich interplay of historical mathematical
inquiry, rigorous proofs, and geometric exploration, highlighting the

evolution of thought surrounding one of Hilbert's most enduring challenges.
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Chapter 10 Summary: Linesin the plane and
decompositions of graphs

### Chapter 10: Linesin the Plane and Decompositions of Graphs

This chapter explores configurations of lines and the properties of pointsin
the plane, focusing primarily on two key theorems connected to the famed
mathematicians J. J. Sylvester and Tibor Gallai, as well as extending into

concepts in graph theory.

The Sylvester-Gallai Theorem: Introduced by Sylvester in 1893 and
proved later by Gallai, this theorem posits that in any configuration of \( n\)
pointsin aplane (not al lying on asingle straight line), there exists at |east
one line that contains exactly two of these points. The proof utilizes the
concept of choosing apoint \( P_0\) that isoptimally closeto aline\(\ell 0
\) through two points, delivering a contradiction if \(\ell _0\) were to contain

more than two points from the set.

An important context for the theorem is represented by the Fano plane,
which consists of 7 points and lines where each line contains exactly three
points. This configuration challenges the Sylvester-Gallai theorem asiit
adheres to incidence axioms but does not allow for aline containing just two

points, illustrating that the theorem can't apply to all geometric
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constructions.

Generalization and Applications The second theorem, attributed to
Paul ErdQs and Nicolaas G. de Bruijn, generalizes t
theorem, declaring that any set \( P\) of \( n\geq 3\) pointsin the plane will
yield at least \( n\) linesthat consist of at least two of these points. Thisis
proven through induction on \( n\), reinforcing the significant impact of the

initial theorem.

Following this, the chapter presents a broader result—that relates to
incidence geometries: givenaset \( X \) of \( n\geq 3\) elements, if every
pair of elementsin\( X \) is part of exactly one set from a collection of
proper subsets\( A_1,\ldots, A_m)\), then\( m\) must be at least \( n\). This
result has parallels in graph theory, particularly in decomposing complete
graphs, framing connections between geometric configurations and graph

structures.

Graph Theoretic Implications Shifting towards graph theory, the
chapter relates the aforementioned incidence results to complete graphs. It
outlines that decomposing a complete graph \( K_n'\) into cliques, where
every edgeis contained uniquely, requires at least \( n\) cliques. Following
this reasoning, the chapter introduces a method for decomposing \( K_n\)
into complete bipartite graphs while confirming that at least \( n-1\) such
graphs are needed.
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The chapter explores the elegant proof by Ron Graham and Henry O. Pollak
which uses linear algebra to demonstrate that if a complete graph\( K_n\) is
decomposed into bipartite graphs, the minimum number of these graphs
must still be\( n-1\). This unexpectedly yields a mathematical landscape
where combinatorial arguments haven't yet produced a simpler proof,
highlighting the intriguing dichotomy between algebraic and combinatorial

methodologies in mathematical proofs.

Conclusion: Drawing upon fundamental principles of incidence between
points and lines, paired with graph theory concepts, this chapter intricately
links geometric configurations to the decomposition of complex graphs. It
invites readersto consider how different areas of mathematics can overlap,
each illuminating the other through their unique theorems and proofs, while

providing arobust foundation for further exploration in both geometry and

graph theory.
Section Summary
Chapter Title Lines in the Plane and Decompositions of Graphs
The . . . .
Sylvester-Gallai In any conflgu_ratlon of n points ina plane, not all on one line, at least
Theorem one line contains exactly two points.

Example: Fano A configuration that adheres to incidence axioms but has no line with
Plane exactly two points, thus challenging the theorem.
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Section Summary

The ErdQs-de Bruijn theorem states that any set of

Generalization at least n lines with at least two of these points, proven by induction.

If every pair in a set X of n"e 3 elements is part of

Broader Result then at least n such subsets exist.

Graph Theory Decomposing complete graphs relates to incidence results, requiring
Relations at least n cliques to cover edges uniquely.

Decomposing At least n-1 complete bipartite graphs are needed to decompose
K_n K_n, as shown by Graham and Pollak's proof using linear algebra.

The chapter links geometric configurations with graph
Conclusion decompositions, highlighting overlaps between geometry and graph
theory.
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Chapter 11 Summary: The sope problem

#i## Chapter 11: The Slope Problem

In this chapter, the author introduces an engaging mathematical concept: the
relationship between configurations of pointsin a plane and the slopes of the

lines determined by these points. Building on theorems from earlier
discussions, particularly ErdQs and de Bruijn's theo
points will define at least n distinct linesif they are not all aligned, the

chapter focuses on the nuances of counting unique slopes generated by these

configurations,
Exploring Configurations:

The chapter begins by prompting readers to experiment with arranging n

points (where n"e 3) in a way that generates as few
possible. Initial investigations reveal that while three points can produce

three unique slopes, larger configurations (such as those with 4, 5, or more

points) could yield a variety of slopes characterized by both parallel lines

and unique orientations.

Scott's Theorem, proposed in 1970, posits that with any configuration of n
points (wherenisat least 3 and not al on asingleline), there will be at least
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n - 1 distinct slopes. Notably, equality occurs for configurations of odd n
when n"e 5. Through experimentation, readers learn
exemplary configurations can be established that yield exactly n - 1 slopes,

while configurations with even n result in exactly n slopes.

Slope-Critical Configurations:

The chapter identifies significant sets of configurations known as
"dope-critical configurations,”" which inherently produce exactly n- 1
slopes. Authors Jamison and Hill further explore these configurations,
presenting multiple infinite families with this property aswell asan
extensive list of sporadic configurations discovered via computational
methods, signifying the complexity and variety within these mathematical

explorations.

Proof M ethodology:

The central proof of Scott's Theorem hinges on elegant combinatorial
techniques—a reduction to a periodic permutation model established by Eli
Goodman and Ricky Pollack, complemented during a 1982 completion by
Peter Ungar. Thisinvolves analyzing "permutations’ of the points based on
the order in which they appear as projections from varying directions within

the plane.
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By methodically observing how these permutations evolve, the proof
delineates transitions that occur when the projected order shifts—a
phenomenon tied closely to the concept of slopes. The differential
movement of points across a conceptual 'barrier' within a permutation
sequence reflects flipping of substrings, helping to classify movesinto three

types. crossing, touching, and ordinary.
Key Findings:

The crux of the proof emerges from demonstrating that every configuration
must engage in sufficient ‘crossing moves—transitions affecting point pairs
on either side of the barrier—to ensure there are at least n slopes. The
argument rests on the relationship between crossing moves and the overall

distance (or number) of distinct slopes generated by a configuration.

Impressively, the chapter exposes and analyzes the intricate structure of
permutations through which the characters (points) in the configuration
interact, enforcing the theorem's validity while laying out an expansive
landscape of potential configurations and their geometric narratives,
ultimately culminating in a deeper understanding of the relationship between

point arrangements and the derived slopes.

## Conclusion:;

Chapter 11 captivates by blending accessible experimentation with

More Free Book %‘\ R
Scan to ov-vnl



https://ohjcz-alternate.app.link/zWumPVSnuOb

substantial geometric theories and proofs, underscoring the interplay
between combinatorial mathematics and geometric principlesin the realm of
point configurations and their slopes. Through detailed analysis and
exploration of configurations, the chapter not only elucidates a core theorem
but also invites further curiosity and investigation into this rich mathematical

territory.
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Chapter 12: Three applications of Euler’sformula

#i# Chapter 12: Three Applications of Euler’s Formula

In this chapter, we delve into the fascinating world of planar graphs through
the lens of Euler’s formula, which states that for a connected plane

graph \( G\) with \( n\) vertices, \( e\) edges, and \( f \) faces, the
relationship \( n- e + f = 2\) holds true. Defined through the simple concept
that agraph is planar if it can be represented on a flat surface without edges
crossing, Euler’ s formula elegantly links the fundamental structural

components of these graphs.

Euler first introduced this remarkable relationship in aletter to his friend
Goldbach in 1750, yet it was only later, with contributions from
mathematicians like von Staudt, that complete proofs emerged. This chapter
introduces an accessible proof that is “self-dual,” meaning it connects a
graph to its dual graph — a concept where each face in the original graph

corresponds to a vertex in the dual graph and vice versa.

Toillustrate Euler's formula, consider a connected plane graph \( G \) with
gpecificvalues: \(n=6\),\(e=10\), and \(f = 6\). Asastepping stone
into deeper exploration, the chapter transitions into the dual graph \( G* \)
derived from \( G\). The edges of \( G"* \) correspond to the facesof \( G ),
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forming a complementary structure. Notably, both \( G\) and \( G* \)
exhibit tree properties, facing cycles and reaffirming the relationship

governed by Euler’sformula.

Several profound consequences arise from Euler’ sformula: it provides a
method for classifying the Platonic solids (the five regular convex
polyhedra, including the tetrahedron and cube), proves that certain graphs
like\( K_5\)and\( K_{3,3} \) are non-planar, and supports the five-color
theorem, which asserts that a planar map can be colored with a

maximum of five colors without adjacent regions sharing the same color.

Building upon this foundation, the chapter explores three applications of
Euler's formula, which reveal beautiful connections to various mathematical

theorems:

1. Sylvester-Gallai Theorem: Thistheorem states that in any

configuration of n (where\( n\geq 3\)) pointsin the plane that are not
collinear, there exists at least one line that passes through exactly two of the
points. The proof leverages Euler’ sinsights, trandating the problem into the
context of dual graphs on a sphere, showing that the framework elegantly

unravels the complexity of geometric arrangements.

2. Monochromatic Lines A colorful variant of the Sylvester-Gallai

theorem demonstrates that with a set of points colored black and white (not
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al inline), aline can be drawn that intersects at least two points of one
color. The proof parallelsthe earlier theorem by using dualization in

spherical geometry, revealing inherent properties of graph intersection points
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Chapter 13 Summary: Cauchy’srigidity theorem

#H# Chapter 13: Cauchy’s Rigidity Theorem

In this chapter, we explore Cauchy's rigidity theorem, a significant result in
the study of 3-dimensional polyhedra, which relies on advanced geometric
principles, including parts of Euler’s formula discussed in the previous
chapter. The theorem states that if two convex polyhedra, \( P\) and \( P'\),
are combinatorially equivalent—meaning they share the same connectivity
structure—and their corresponding facets are congruent (having the same
shape and size), then the angles between corresponding pairs of adjacent
facets must also be equal. Thus, the conclusion is that the polyhedra

themselves are congruent.

#Ht Key Concepts

Congruence and Combinatorial Equivalence: These concepts, which
refer to the conditions under which shapes can be considered identical in

structure or arrangement, are detailed in the appendix on polytopes and

polyhedra, referenced earlier in the text.

## The Theorem's Implications
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To illustrate the theorem, consider two 3-dimensional polyhedra shownin an
accompanying figure. Both are combinatorially equivalent with congruent
faces; however, they are not congruent because only oneis convex. This

highlights a crucial assumption of Cauchy’s theorem: convexity.
### Proof Overview

Cauchy's original proof involves edge coloring: edges of \( P\) are black
(positive) if the interior angle formed by two adjacent facetsislarger in \( P
\), and white (negative) if the angle is smaller. Thisleadsto a colored graph
on the surface of \( P\), which can be transferred to a sphere using radial
projection. If the corresponding facet angles differ, the graph will contain
both black and white edges.

A central result established using parts of the previous chapter indicates that
there exists a vertex of the polyhedron adjacent to at |east one differently
colored edge. Intersect overlapping small spheres\( S \epsilon\) and \(
S \epsilon\) around corresponding vertices from\( P\) and \( P'\) create
spherical polygons\( Q\) and \( Q'\) with congruent edge lengths. By
marking angles in \( Q \) and \( Q' \) as larger (+) o
corresponding angles, and if more than one type of sign occurs, a

contradiction arises leading to the conclusion of the theorem.

### Cauchy’s Arm Lemma
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To support the theorem's proof, we present Cauchy’s arm lemma. This
lemma asserts that for two convex polygons with equal corresponding edge
lengths and monotonic angle sequences, the "missing” edge must also
maintain a certain length relation, with equality holding only when angles

areidentical.
### Insight on Non-convex Polyhedra

Cauchy’ s theorem's application is limited strictly to convex polyhedra. A
notable example demonstrates this limitation: non-convex polyhedra can
undergo continuous transformations that preserve facet congruence while

altering dihedral angles, thereby invalidating the theorem.
### Devel opments Beyond Cauchy

Therigidity conjecture, proposed long after Cauchy’ s work, suggested that
no triangulated surface, whether convex or not, could allow continuous
deformation preserving flatness and congruence of facets. However, in 1977,
Robert Connelly provided counterexamples showing that certain closed
triangul ated spheres in three-dimensional space could flex while maintaining

constant edge lengths.

Further contributions to the theory of rigidity emerged, with mathematician
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|djad Sabitov proving that the volume enclosed by any flexible surface
remains constant during such deformations—a significant advancement

utilizing advanced algebraic concepts.

## Conclusion

Cauchy’srigidity theorem laid the groundwork for further explorationsin
geometry, revealing both the power and limitations of geometric rigidity
principles. The discoveries of flexible polyhedral structures and the invariant
nature of volume under deformation continue to challenge and enrich our

understanding of polyhedral geometry.
#it# References
The chapter concludes with references to notable works by Cauchy,

Connelly, and Sabitov, which delve deeper into the subjects addressed and

offer substantial contributions to the field of geometric mathematics.
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Chapter 14 Summary: Touching smplices

In Chapter 14 of "Touching Simplices," the author tackles the intriguing
problem of determining how many d-dimensional simplices can touch
pairwise in d-dimensional space (R"d) such that all their pairwise
intersections are (d-1)-dimensional. This problem, denoted as f(d), hasa
simpleinitial case: for one-dimensional simplices (line segments), f(1)

eguals 2, since two segments can touch at just one point.

When moving to two dimensions, we find that four triangles can be arranged
to touch each other—this leads us to conclude f(2) equals 4, as
configurations with five triangles are impossible due to the limitations
imposed by planar graphs. For three dimensions, eight tetrahedra can aso be
configured to touch, resulting in f(3) being at least 8. Notably, two
significant works in 1965 by Baston and later by Zaksin 1991 ultimately
proved that f(3) is exactly 8.

With these initial results, the author presents a conjecture first posed by
Bagemihl in 1956, stating that the maximum number of pairwise touching
d-simplicesin R"d is conjectured to be f(d) = 2*d. This conjectureis
supported by alower bound established through a series of transformations
and an inductive approach, leading to the Theorem 1, which assertsthat it is
possible to construct 2°d touching d-simplicesin Rd, all intersected by a

common transversal line.
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The proof of Theorem 1 hinges on creating suitable configurations of
simplices and employing affine transformations to establish the necessary
rel ationshi ps between them. By reflecting configurations and ensuring the
inclusion of segments within each simplex, the author demonstrates that one

can maintain their touching properties in higher dimensions.

However, obtaining tight upper bounds for f(d) is more challenging. The

author notes a naive induction leading only to the loose upper bound of f(d)

"d (2/3)(d+1)!, far from the conjectured exponential
Perles provides a more refined and el egant argument that yields the result

f(d) < 27(d+1). Thisis accomplished through a combinatorial approach

using B-matrices to record hyperplane interactions formed by the simplices.

The properties of these matrices establish essential constraints that lead to

the upper bounds being stricter than previously determined.

In summary, the chapter navigates through established results and
conjectures regarding the arrangement of d-dimensional simplices,
illustrating both lower and upper boundary results through various
mathematical techniques and proofs, reinforcing a deeper understanding of

gpatial relationshipsin higher dimensions.
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Chapter 15 Summary: Every large point set has an obtuse
angle

Chapter 15 Summary: Every Large Point Set Has an Obtuse Angle

In 1950, renowned mathematician Paul ErdQs posed :
any set of more than \(2*d\) points in \( \mathbb{ R} *d \) contains at |east

one obtuse angle—an angle greater than \( \frac{\pi}
that if aset of points only has acute angles (including right angles), its size

cannot exceed \(2*d\). This conjecture was later recognized as a "prize

guestion" by the Dutch Mathematical Society, though solutions were only

found for \(d = 2\) and \(d = 3\).

For \(d = 2\), the problem is straightforward to solve. If five points are
arranged to form a convex pentagon, at least one of its angles will be obtuse.
Alternatively, if we consider atriangle formed by three points, a fourth point
inside the triangle will create angles that sum to \(360M\circ\), thus ensuring
at least one angle exceeds \(120™Mcirc)).

Y ears later, Victor Klee expanded upon these ideas by asking how large a
point set can be while maintaining an "antipodality property,” which requires
that every pair of points can be enclosed within a strip formed by two

parallel hyperplanes, such that the points lie on opposite sides of the
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boundary.

In 1962, Ludwig Danzer and Branko Grtinbaum successfully addressed both
ErdQs' and Klee's problems, demonstrating that the |
set with only acute angles (or right angles) isindeed \(2*d\), thus linking the

two conjectures.

As the discussion moves into the geometric realm, the chapter explains

convex sets, particularly focusing on finite sets \(S \subset \mathbb{ R} *d\)
and their convex hulls\(conv(S)\). The authors clarify that two convex sets
touch if they share at least one boundary point without overlapping in their
interiors. The notation \(Q+s\) is used to signify translating a set \(Q\) by a

vector \(s\).

The theorem presented provides a chain of inequalities that bounds the sizes

of point setsrelative to the angles formed by their combinations:

1. The maximum size of apoint set \(S\) in terms of the angle between any
three points\(s_ i, s j, s_k\) must not exceed \( \frac{\pi}{2} \).

2. Thisisfurther bounded by the requirement of having points lie on
different sides of the strip formed by selected pairs of points.

3. Subsequently, it moves through several logical implications that
ultimately secure the conclusion that the maximum size of point set \(S\)
cannot exceed \(2™d\).

More Free Book %‘\ R
Scan to ov-vnl



https://ohjcz-alternate.app.link/zWumPVSnuOb

The proof employs an innovative approach using Minkowski
Symmetrization to show maintaining structural properties during
transformations of the point sets. The conclusion reinforces the idea that if

any point set exceeds the limit of \(2*d\), it must contain obtuse angles.

Not ending here, Griinbaum and Danzer's inquiry leads to a deeper

exploration: what if all angles must be strictly acute? They initially

constructed configurations of \(2*d-1\) points capable of achieving this
constraint. However, in 1983, Paul ErdQs and Zoltan
that their conjecture was erroneous in higher dimensions. Their argument

utilized probabilistic methods—an innovative approach in combinatorial

geometry.

The continued exploration culminates in another theorem showing that it is
possible to create a set of points that only form acute angles, with a size that
even exceeds the previously conjectured limits in specific dimensions. The
methodology involves random selection of points, using probability to
ensure that ONLY acute angles are formed, substantiating the power of

probabilistic reasoning in geometric constructs.

Finally, the appendix introduces vital concepts from probability that will
recur throughout the text. These concepts include random variables, the

linearity of expectation, and Markov's inequality, laying groundwork for
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further understanding of mathematical outcomes based on randomized

selections.

The chapter presents a cohesive journey through both theoretical conjectures
and practical proofs, revealing the intricate connections between geometric

properties and combinatorial limits.
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Chapter 16: Borsuk’s conjecture

### Chapter 16: Borsuk’s Conjecture

The chapter focuses on the groundbreaking work of mathematician Kar ol
Bor suk, particularly his 1933 paper titled "Three theorems on the
n-dimensional Euclidean sphere." Central to this paper is the Bor suk—Ulam
theorem, which posits that every continuous function mapping from an
n-dimensional sphere (denoted as\( S*d \)) into a Euclidean space \( R*d \)
pairs two antipodal pointsto asingle point in\( R*d\). Thistheorem has
significant implications in various fields, including graph theory, which will

be explored in greater detail in Chapter 38.

At the conclusion of his paper, Borsuk introduced a fundamental problem
known as Bor suk’s Conjecture Can any bounded set \( S \subseteq R d

\) (where its diameter is greater than zero) be divided into no more than \( d
+ 1) subsets, each possessing a diameter smaller than that of \( S\)? The
conjecture's upper limit of \( d + 1\) is considered optimal, asillustrated by
the example of aregular d-dimensional simplex, indicating that no partition
can include more than one vertex of the simplex without increasing the

diameter.

Over the years, Borsuk’ s conjecture has seen various proofs for specific
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cases. the case when \( S\) is a sphere was proven by Borsuk himself, and
the conjecture held true for smooth bodies along with dimensions\( d \leq 3
\). However, the general conjecture remained unresolved. The best-known
upper bound for the function \( f(d) \) related to the conjecture was
established by Oded Schramm, who indicated that a d-ssmplex could be

partitioned into \( d + 1\) parts of smaller diameters, suggesting \( f(d) \leq
\frac{ d}{1.23} \).

A major turning point occurred in 1993 when mathematicians Jeff Kahn
and Gil Kalai demonstrated that Borsuk's conjecture was false by

showing \( f(d) \geq (1L.2)\sgrt{ d} \) for sufficiently large\( d\). This
counterexample was | ater refined in complexity with a constructive proof
presented by A. Nilli, which provided an explicit contradiction to the
conjecturein dimension \( d = 946 \). Subsequently, Andrei M.
Raigorodskii and Bernulf Weil3bach modified this proof, lowering the
counterexample dimension to \( d = 561 \) and then further to \( d = 298\) by
Aicke Hinrichsand Christian Richter in 2003.

The chapter concludes by detailing a theorem that establishes the existence
of aparticular set \( S\) constructed from a prime power \( g\), which can be
shown to contain a partitioning challenge that meets the conditions set by
Borsuk's conjecture—specifically, confirming that the conjecture holds false

in certain high dimensions. The implications of this conjecture, while
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verified for dimensions up to \( d\leg 3\), raise questions about its validity
in higher dimensions, suggesting the potential for deeper mathematical
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Chapter 17 Summary: Sets, functions, and the continuum
hypothesis

Chapter 17: Sets, Functions, and the Continuum Hypothesis

This chapter delvesinto the revolutionary contributions of Georg Cantor to
set theory, afoundational pillar of modern mathematics. Cantor, active in the
late 19th century, introduced the concept of cardinality, defining the size of a
set (denoted |[M|) as the number of elementsit contains. For finite sets,
establishing equality in size is straightforward through direct counting.
However, Cantor'sinsights reveal that infinite sets exhibit unexpected

behavior, complicating our understanding of size.

To understand how cardinality applies to infinite sets, Cantor proposed a
thought experiment akin to "Hilbert's Hotel," a conceptual hotel with
infinitely many rooms. If anew guest arrives, all current guests can be
shifted to accommodate the newcomer without leaving any rooms empty,
demonstrating that a countable set of rooms can still manage additional
occupants. In essence, a proper subset of an infinite set can hold the same

cardinality asthe entire set.

The chapter explores various infinite sets, such as the natural numbers (N),

integers (Z), and rational numbers (Q). The surprising conclusion isthat the

Dlgrid

More Free Book R
[0
Scan to Download



https://ohjcz-alternate.app.link/zWumPVSnuOb

set of rational numbers, despite appearing dense and infinite, can aso be
shown to be countable. Cantor meticulously constructs listings for these sets,
including a systematic method by Neil Calkin and Herbert Wilf that
enumerates the positive rational numbers without duplicates, using a binary

tree structure.

Transitioning from countable to uncountable, Cantor's diagonalization
method serves as a crucial tool to show that the real numbers (R) are not
countable. By considering the interval (0, 1) and any proposed enumeration
of its elements, Cantor's argument demonstrates the presence of aredl

number not represented in any list, thus proving the uncountability of R.

The chapter then discusses the cardinality of different intervals, showing that
al have the same cardinality, referred to as ¢ (the cardinality of the
continuum). In a counterintuitive result, it illustrates that the set of ordered
pairs of real numbers (R*2) has the same cardinality as R. This challenges
our intuitive notions of dimensionality, given that we can create a bijection

between a one-dimensional and a two-dimensional space.

Cantor's work leads to the formulation of cardinal comparisons. The
Cantor-Bernstein theorem states that if two sets can each be injected into the
other, then a bijection exists. This theorem formalizes the relationships
between cardinal numbers, asserting that every infinite set possesses a

countable subset, with the smallest infinite cardinal
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(aleph-zero).

As the chapter progresses, it introduces the continuum hypothesis (CH):

whether there exists a cardinal number larger than!5
This question remains pivotal in set theory, and its independence from the
traditional axioms of set theory was established by Kurt G6del and Paul

Cohen, showcasing the complexities of infinity in mathematics.

The chapter concludes with a theorem by Paul ErdQs
continuum hypothesis to properties of analytic functions, further illustrating
the intricate interactions between set theory and other mathematical

domains.

In summary, this rich exploration of sets, cardinality, and the continuum
hypothesis not only reveal s the foundations of set theory but also
underscores the philosophical implications of infinity and sizein
mathematical thought.
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Chapter 18 Summary: In praise of inequalities

Chapter 18: In Praise of Inequalities

In mathematics, inequalities play acrucial role across various fields,
including analysis and graph theory. This chapter explores foundational
inequalities, providing clarity on their significance through notable examples

and proofs.

Thefirst inequality discussed is the Cauchy-Schwar z inequality,
attributed to mathematicians Cauchy, Schwarz, and Buniakowski. It states
that for any vectors\( a\) and \( b\) in areal vector space\( V), the

following holds:

\[
\langle a, b \rangle™2 \leq [a]*2 |b]*2
\

Here, \( \langle a, b \rangle\) denotes the inner product, and equality occurs
if and only if the vectors are linearly dependent. A concise proof utilizes the

guadratic function \( |xa+ bj*2\) to demonstrate the inequality's validity.

Next, the chapter presents the Har monic, Geometric, and Arithmetic Mean
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Inequality, which states that for a set of positive real numbers\( a 1, \Idots,

an\:.

\[

\frac{ 1}{n} (a 1 + \cdots + a _n) \geq \sgrt[n]{a_1 a 2 \cdotsa n} \geq
\frac{ 1} { nj\left(\frac{ 1} {a_1} + \cdots + \frac{ 1}{a n}\right)

\

with equality only when all \( a i \) are equal. One elegant proof involves
induction and is attributed to Cauchy. The comprehensive reasoning
includes connecting the means through various mathematical

transformations, leading to two important applications.

Thefirst application isaresult by Laguerre regarding the roots of
polynomials. It establishes that if a polynomial has al real roots, those roots
are bounded within a specific interval defined by its coefficients. This
application illustrates how inequalities can offer insights into polynomial

properties.

The second application involves results by ErdQs an
relation between the area under a polynomial curve and itsreal roots. If a
polynomial of degree\( n\geg 2\) has only real roots and is positivein a

specific interval, the chapter reveals an inequality relating the areas,

tangential triangles, and the curvature at the endpoints of the polynomial.
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The latter part of the chapter shifts gears to graph theory, presenting Turan's
Theorem. Thistheorem posits that atriangle-free graph on\( n\)

vertices can contain at most \( \frac{ "2} {4} \) edges, with equality
occurring only in the case of a complete bipartite graph \( K_{n/2,n/2} \).
Thefirst proof employs Cauchy’ s inequality, leading to results about vertex
degrees. A secondary proof utilizes the relationship between independent

sets in agraph, showcasing the arithmetic and geometric means.

The chapter concludes that analysis significantly intertwines with
inequalities, not only providing arigorous mathematical framework but also
enriching various branches such as polynomial theory and graph theory. The
examples illustrate how inequalities serve as a bridge to greater

understanding in mathematics.
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Chapter 19 Summary: The fundamental theorem of
algebra

#H Summary of Chapter 19: The Fundamental Theorem of Algebra

In Chapter 19, we explore the "Fundamental Theorem of Algebra,” which
states that every nonconstant polynomial with complex coefficients has at
|east one root in the complex number field. This theorem, though referred to
as "fundamental," has sparked debate among mathematicians regarding its
status—as it sometimes functions more as a definition and often emerges

from the field of analysis rather than pure algebra.

Historically, the theorem has been celebrated as a cornerstone of
mathematics. The renowned mathematician Carl Friedrich Gauss, who
provided seven distinct proofsfor it, referred to it as the "fundamental
theorem of algebraic equations.” Its validation in complex analysis played a
critical role in establishing the acceptance of complex numbers, addressed
by figures such as Cauchy, Liouville, and Laplace. The sheer volume of
proofs listed in research, including one by Netto and Le Vasseur, highlights
its significance in the mathematical community, with nearly a hundred

variations documented.

The chapter outlines a concise and elegant proof, which draws on elementary
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properties of polynomials and complex numbers, attributed to Jean Le Rond
d’ Alembert and Jean-Robert Argand. The proof relies on three critical

concepts familiar to calculus students:

1. Continuity of Polynomial Functions Polynomial functions do not
have jumps or breaks and behave smoothly.

2. m-th Roots of Unity: A complex number with an absolute value of one
has corresponding roots for any positive integer \( m\).

3. Cauchy’sMinimum Principle A continuous function defined on a

compact set attains its minimum value within that set.

Defining \( p(z) =\sum_{k=0}*{n} c_k z*k \) as a polynomial of degree\( n
\), the proof hinges on d’ Alembert’s lemma, which states that if \( p(a) \neq
0\), then thereisapoint \( b\) within asmall disk around \( a\) such that \(

PRI < [p@]Y).

The proof begins by expressing \( p(a+ w) \) through algebraic manipulation
resulting in aform that highlights its components. By identifying a suitable
\( w), it isshown that under specific conditions, \( [p(b)|\) can be made less
than \( |p(a)|\). This establishes that \( p(z) \) cannot maintain a non-zero
minimum in any compact set without at least one root, ultimately leading

back to the assertion of the theorem.

The narrative concludes with a discussion of the polynomial's behavior at
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infinity and the insistence of continuity ensuring that \( |p(z)|\) approaches
infinity, thus validating that within any bounded region of the complex

plane, aroot must exist.

This chapter not only emphasizes the theorem's mathematical importance
but also highlights the collaborative effort of mathematicians across history
who have shaped its understanding and proof. With this groundwork, the
concept of polynomials and their roots within the field of complex numbers

IS rendered accessible and foundational for further mathematical exploration.
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Critical Thinking

Key Point: Every problem has a solution within a defined field.
Critical Interpretation: Reflecting on the Fundamental Theorem of
Algebra, imagine yourself standing at the crossroads of challengesin
life. Much like a polynomial with complex coefficients that promises a
root within the complex number field, you can draw inspiration from
the understanding that every complex problem you face also harbors
within it a solution waiting to be discovered. When times get tough
and your problems seem insurmountable, remember that continuity
and persistence—much like the smooth nature of polynomial
functions—will lead you through. This realization encourages you to
trust that no matter how perplexing a situation might seem, there
exists away forward, just as every polynomial function must have at
least one root. Embrace this belief, and you can approach obstacles
with the confidence that, like in algebra, solutions exist waiting to be

found.
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Chapter 20: One square and an odd number of triangles

#i# Chapter 20 Summary: Dissecting a Square into Odd Triangles

Chapter 20 explores the intriguing problem of whether a square can be
dissected into an odd number of triangles, all with equal area. While
dividing a square into an even number of triangles can be done easily, the
situation becomes complex when dealing with an odd number, particularly
starting from three triangles. This conundrum prompts a more general
inquiry: Isit possible to dissect asquare into \( n\) triangles of equal area

when \( n\) isodd?

In the 1960s, mathematicians Fred Richman and John Thomas brought
attention to this question and were surprised to find that the mathematical
community had not definitively addressed it. Through rigorous experiments,
they concluded that it isimpossible to dissect a square into an odd number of

triangles of equal area, not only for \( n = 3\) but for any odd \( n\).

To prove this assertion, we can focus on a standard unit square with vertices
a (0, 0), (1,0), (0, 1), and (1, 1). The area of each triangle in this dissection
would be\( \frac{ 1} {n} \), where\( n\) isodd. Paul Monsky's ingenious
proof utilizes specific mathematical concepts known as valuations — atype

of function that satisfies certain properties similar to absolute values, but
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applicable in abroader context.

Before delving into the proof, the chapter provides a brief background on
valuations. These include familiar absolute values and a generalization
known as p-adic values, which are associated with prime numbers. A prime
\( p\) alowsthe expression of rational numbers in unigue forms, connecting

to how values are calculated and compared.

Monsky's approach involves a clever coloring of the plane, leveraging three
colors assigned based on the maximum value of the coordinates of the given
point. This creates an arrangement where significant properties arise. In
particular, triangles with vertices of different colors—termed "rainbow
triangles'—exhibit an area larger than 1, thus cannot conform to the equal

arearequirement of \( \frac{ 1}{n} \) for any odd \( n\).

A vital lemma establishes that for any triangle formed by points of different
colors, its area must surpass 1/n. By deriving the area formula based on the
points coordinates, it becomes evident that the triangle's area cannot match

the prescribed fraction.

Thefinal layers of the argument revolve around counting rainbow triangles
in any dissection of the unit square. Inspired by Sperner's principles, it's
shown that any division of the square invariably includes an odd number of

rainbow triangles, thus proving that no arrangement can satisfy the
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constraintsif an odd \( n\) is used.

The chapter concludes with an appendix discussing the extension of
valuations from one field to another, confirming that valuations can be
applied not just to rational numbers but also to real numbers, establishing a
broader foundational framework for understanding these discrete

mathematical constructs.

Thus, Monsky’ s theorem establishes the impossibility of dividing a square

into an ndAd NtiMmboer of onn Il caran tri annalee affirmina the mathoarnmati ~al
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Chapter 21 Summary: A theorem of Polya on
polynomials

Chapter 21: A Theorem of Pdlya on Polynomials

George Pdlya, a prominent mathematician known for his contributions to
anaysis, presents a fascinating theorem concerning complex polynomials,
which became a favored result for his colleague, Patl

begins with a complex polynomial expressed in standard form:

\[f(z) =z"n+Db {n-1} z\{n-1} +\ldots+ b _0}]

where\( n\geq 1\) and the leading coefficient is 1. By considering the set:

\[ C:=\{ z\in\mathbb{C} : [f(2)|\leq 2\} \]

Pélya introduces a geometric interpretation where \( C\) consists of pointsin
the complex plane that map into a circular region of radius 2 centered at the
origin.

One of the key insights of Polya'stheorem isthat if one takesany line\( L \)

in the complex plane and projects the set \( C\) orthogonally onto that line,
the total length of this projection is bounded by 4. This can be interpreted as
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stating that the union of digoint intervals\(1_1,1 2,\ldots, | t\) formed by
the projection will satisfy:

\[\ell(I_1) +\Idots + \elI(I_t\leq4\]

Polya’ s theorem, therefore, formulates a geometric property of polynomial
functions in terms of their mapping behavior and gives abound that is tight

for linear polynomials. For example, considering the polynomial:
\[f(z) =2"2- 2]

helpsillustrate the theorem as it can be shown that its projections indeed
yield the maximum total length of 4.

The proof of the theorem hinges upon establishing that the intervalsin the
projection of \( C\) on the real axis correspond to certain conditionsin
polynomial behavior. Specifically, if \( p(x) = (x - a_1)(x - a 2) \Idots (x -

a n)\) isapolynomial with real roots, it can be shown that the set \( P=\{ x
\in \mathbb{ R} : |p(x)|\leq 2\} \) can also be covered by intervals of length
at most 4.

Central to the proof is Chebyshev's theorem, a significant result in

polynomial theory, which asserts that for areal polynomial \( p(x) \) of
degree\( n\geq 1\) with leading coefficient 1, the maximum value of \(
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Ip(X)|\) intheinterval [-1, 1] isat least \( \frac{ 1}{2*{n-1}} \). From this
theorem follows a crucial corollary establishing that if \( |p(x)|\leq 2\)
within an interval \([a, b]\), then the length of that interval cannot exceed 4.

When analyzing possible configurations of the intervalsin \( P\), Polya
cleverly constructs another polynomial \( \tilde{ p} (x) \) that retains the
maximum interval properties while ensuring that these intervals can be
merged or reduced, leading to a new polynomial whose interval covering \(
\tilde{ P} \) maintains the inequality \( \el(l_1) + \ldots + \ell(l _t) \leg
\el(\tilde{ P}) \leq 4\), thus wrapping up the proof.

Moreover, POlya introduces severa key facts relevant to the study of real
polynomials, particularly noting how multiple roots exhibit specific behavior

that affects the intervals formed by the polynomial values.

In the appendix, Chebyshev's theorem lays the foundational groundwork for
understanding the relationship between polynomial behavior and geometric
properties, emphasizing that there exists a unique polynomial of degree\( n
\) achieving equality in the theorem. This offers profound implications for
both theoretical investigations in analysis and practical applications within
mathematical studies.

In summary, Pélya's theorem not only showcases a beautiful intersection of

algebra and geometry through polynomial projections but also provides a
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structured pathway to understanding complex mappings in the realm of
mathematical analysis.
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Chapter 22 Summary: On alemma of Littlewood and
Offord

#H# Summary of Chapter 22: On a Lemma of Littlewood and Offord

Chapter 22 details a significant result from the collaboration between
mathematicians John E. Littlewood and A. C. Offord concerning the
distribution of roots of algebraic equations. In 1943, they established a
theorem addressing the number of linear combinations of complex numbers
that can reside within a specific range—jparticularly, those combinations

falling within acircle of radius 1.

To illustrate their breakthrough, they first set their parameters. consider
complex numbers\(a_ 1, a 2, \Idots, a_n\) with magnitudes of at least 1.
When examining the various linear combinations of these
numbers—specifically sums of the type \(\sum_{i=1}"n\epsilon_i a i\)
where each \(\epsilon _i\) can be either 1 or -1—their result posits that the
total number of such sumsthat lie within the interior of the circle is bounded

by \(c \cdot 2*n \sgrt{ n} \log n\), where \(c\) is a positive constant.
Notably, Paul ErdQs advanced this finding by elimin

factor, revealing it as a corollary of Sperner's theorem, which states that any
antichain of subsets of an \(n\)-set cannot exceed \(\binom{ n}{\Ifloor n/2
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\rfloor}\) in size. Their insights also touch upon real numbers. assuming the
\(a_i\) are positive, they investigate how these sums could interact within a
defined interval. This analysis leads to the conclusion that specific
combinations can form an antichain, validating the bound derived from

Sperner's theorem.

ErdQs further conjectured that this bound holds for
his assertions would receive backing two decades later by Gyula Katona and
Daniel Kleitman, who independently provided proof applicable to
two-dimensional complex spaces, while extending the proof's validity to

cover finite-dimensional real vector spaces.

In 1970, Daniel Kleitman achieved a highly elegant proof for the entirety of
ErdQs' conjecture concerning vectors in Hilbert spac
method that simplified the previously convoluted arguments. The theorem

he derived states that given vectorsin \( \mathbb{ R} *d \) each having

lengths of at least 1, the number of linear combinations that can inhabit the

union of digoint open regionsis at most the sum of the largest \(k\) binomial

coefficientsfrom\( n\) choose\(i\).

Kleitman’s proof hinges on an induction principle and an insightful
examination of the interactions between combinations when translated into
different regions. Central to this proof is a claim concerning the digoint

nature of these regions—a contradiction of overlaps leads to a clearer
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understanding of how many combinations can be accounted for.

Overadll, this chapter encapsulates a journey through combinatorial
mathematics, demonstrating the evolution of thought on the distribution of
sums and illustrating the collaborative efforts of significant mathematical
figuresin thefield. The references provided at the end of the chapter

underscore the foundational works impacting this theorem and its proof.
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Chapter 23 Summary: Cotangent and the Herglotz trick

Chapter 23: Cotangent and the Herglotz Trick

This chapter dives into one of the most elegant formulasin
mathematics—the partial fraction expansion of the cotangent function,
attributed to Euler. The formula expresses the cotangent in terms of simple

fractions:

\[ \pi \cot(\pi xX) =\frac{ 1}{x} +\sum {n=1}M\infty} \left( \frac{ 1} {x+n} +
\frac{ 1} { x-n} \right) \]

This formula, which holds for non-integer values of \( x \), showcases the
beauty of mathematical relationships and was recognized for its significance
by the mathematician Jirgen Elstrodt. The derivation of this elegant formis
facilitated by an ingenious method known as the "Herglotz trick," attributed
to Gustav Herglotz.

To set up the derivation, two functions \( f(x) = \pi \cot(\pi x) \) and \( g(x) =
\lim_{ N \to \infty} \sum_{n=-N}"*{ N} \frac{ 1} {x+n} \) are defined. The
task isto show these functions coincide by demonstrating their shared

properties.
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Property A: Both functions are continuous and defined for all

non-integer values of \( x \). For \( f(x) \), this continuity is clear from its
trigonometric definitions. For \( g(x) \), a careful analysis of convergence
reveals that the series converges uniformly, confirming its continuity across

al non-integer \( x \).

Property B: Both functions exhibit periodicity with aperiod of 1. The
cotangent function’ s inherent periodicity—every \( \pi \)—ensures that \( f(x
+ 1) =f(x) \). The behavior of \( g(x) \) under shifts by 1 is shown through a

limit process that maintains this periodicity.

Property C: Both functions are odd, meaning \( f(-x) = -f(x) \) and \(
g(-x) =-g(x) \). Thisisimmediately evident for \( f(x) \), while for \( g(x) \),

it follows from the summative properties.

With these properties established, the Herglotz trick can be employed
effectively. It hinges on identifying that both functions satisfy similar
functional equations derived from trigonometric identities. For instance,
both functions fulfill the relation:

\[ \left(\frac{ x} { 2} \right) + f\left(x + \frac{ 1} { 2} \right) = 2f(x) \]

Property D: Thisrelation indicates that both \( f\) and \( g\) adhere to

common functional behavior.

More Free Book %‘\ R
Scan to ownl



https://ohjcz-alternate.app.link/zWumPVSnuOb

By analyzing \( h(x) = f(x) - g(x) \), we've constructed a continuous function
on all of \( \mathbb{ R}\) excluding integers. At integer points, we show that
the limits of \( h(x) \) approach zero as\( x \) approaches any integer value,
leading us to redefine \( h(x) \) to equal zero at these points, creating an

entirely continuous function across \( \mathbb{ R} \).

Ultimately, through analysis of periodicity, continuity, and the Herglotz
trick, it is concluded that \( h(x) = 0\) for all \( x \in \mathbb{ R} \). Thus,

Euler’s theorem relating to the cotangent function is successfully proven.

In the latter part of the chapter, the discussion shifts to the implications of

this work on the Riemann zeta function at even integers, as expressed in:
\[ \zeta(2k) = \sum_{n=1}M\infty} \frac{ 1} {n"{ 2k} } \]

Euler continued to explore relationships between various series and the
cotangent function, leading to the discovery of the coefficients of the series
expansion of \( 'y \cot(y) \) in relation to Bernoulli numbers. This intricate
work showcases the deep connections within mathematics—specifically how
evaluative techniques on cotangent yield powerful results concerning series

and functions essential to number theory.

The chapter concludes with areflection on the rapid growth of Bernoulli
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numbers and their intriguing properties, stemming from Euler’s
explorations, thus establishing afoundation for further developmentsin the
study of the zeta function and number theory. The sequence of discoveries
exemplifies a beautiful interplay between complex mathematical functions
and series, culminating in significant findings that have influenced

mathematical thought for centuries.
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Chapter 24. Buffon’s needle problem

Summary of Chapter 24: Buffon’s Needle Problem

In 1777, the French nobleman Georges Louis Leclerc, Comte de Buffon,
introduced an intriguing probability puzzle known as Buffon's Needle
Problem. The task involves dropping a needle of length \( \ell \) onto a sheet
of paper ruled with parallel lines spaced \( d\) apart. The central questioniis:
what is the probability that the needle will cross one of the lines?

Key to solving this problem is the realization that the probability is not
merely afixed number; rather, it depends on the ratio of the needle's length
to the distance between the lines, specifically \( \frac{\ell}{d} \). Buffon's
work specifically concerns short needles—defined as those with lengths less

than or equal to the spacing between the lines—where \( \ell \leq d ).

An astonishing result follows: the probability \( p\) that the needle crosses a

lineis given by the formula:

\[
p = \frac{ 2\l 1} {\pi d}
\]
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This means that by conducting experiments—dropping the needie\( N \)
times and counting \( P\), the number of crossings—one can derive
approximate values for the mathematical constant \( \pi \) using the

rearranged formula:

\[
\pi \approx \frac{ 2\ell N} {dP}
\

A notable historical experiment performed by Lazzarini in 1901 involved
dropping a needle 3,408 times and resulted in striking a line 1,808
times—yielding an impressive approximation of \( \pi \) that was correct up

to six decimal places.

Buffon's problem demonstrates a fundamental principle of expectation in
probability. When considering a needle dropped at various orientations, the
expected number of crossings can be described mathematically. For a short
needle, the expected number of crossings\( E \) matches the probability \( p
\), while for longer needles, additional complexity arises because multiple

Crossings can occur.
One elegant solution proposed by E. Barbier in 1860 leverages a circular

needle with adiameter \( d\). This circular needle, with a circumference

proportional to \( d\pi \), always intersects two ruled lines when dropped,
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allowing for direct calculations of expected crossings.

To solve Buffon's needle problem mathematically, one way is through
integral calculus, which involves considering the angles at which the needle
might fall. By averaging the probabilities based on its possible orientations,

one can derive generalized probabilities for both short and long needles.

This chapter not only showcases an early intersection of probability and
geometry but also hints at the deeper relationships between random events
and mathematical constants, as exemplified by \(\pi \). It sets the stage for

frirther exnloration into both nractical anolication<s of nrobabilityv and
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Chapter 25 Summary: Pigeon-hole and double counting

In Chapter 25, titled "Pigeon-hole and Double Counting," we delve into two
fundamental mathematical concepts that, while seemingly straightforward,

yield surprising results: the pigeon-hole principle and double counting.
Pigeon-hole Principle

The pigeon-hole principle states that if \( n\) objects are distributed across \(
r\) boxes (where\( r <n\)), at least one box must contain more than one
object. This principleis expressed in mathematical terms as: for two finite
sets\( N'\) and \( R\) with\( |[N]=n\) and \( |R| =), there exists an
element \( a\in R\) such that the pre-image \( [f*{-1} (a)| \geg \Iceil

\frac{ n}{r} \rceil \).

### Number Theoretic Claims
1. Relatively Prime Numbers Fromtheset \{1, 2, ..., 2n\}, if we take any
\( n+ 1\) numbers, at least two will be relatively prime. The reasoning is

straightforward—any two adjacent integers are relatively prime.

2. Divisibility: Conversely, when taking \( n + 1\) numbers from the set,
at least one pair will have one number dividing the other. The proof
employs the pigeon-hole principle by expressing each number as\( 2*k m\)

where\( m\) isodd. Asthere are only \( n\) odd parts, at least two numbers
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share the same odd component.

#H# Sequences and Ramsey Theory

In another application, ErdQs and Szekeres' finding
sequence of \( mn + 1\) distinct numbers, one can find either an increasing
subsequence of length \( m + 1\) or a decreasing subsequence of length \( n

+ 1\). The proof involves constructing a mapping that leads us to conclude

that such subsequences must exist.

### Graph Theory Application

The concept also leads to significant results in graph theory regarding the
dimension of complete graphs. By understanding the permutations of
vertices of the complete graph \( K_n\), we can derive the dimensions of

these graphs through combinatorial methods and the pigeon-hole principle.

### Double Counting

The second principle discussed is double counting. This principle states that
if you havetwo sets\( R\) and \( C\) and a subset \( S\subseteq R \times C
\), counting the pairsincident to an element in \( R\) equals counting the
incidences for those in \( C\). This can be visualized using an incidence

matrix, highlighting the commonality between groupings.

### Application of Double Counting

A practical instance of this principleisillustrated through an example where
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integers\(a 1, ..., a n\) contain asubset of consecutive integers whose tota
isamultiple of \( n\). We construct a function mapping the sums of these

integers to remainders, leveraging the pigeon-hole principle once more.

Additionally, the chapter explores the average number of divisors\( t(n) \) of
numbers up to \( n\). By applying double counting, we find that despite the
erratic nature of individual values, the average behaves consistently around
\(\log n\).

### Extremal Graph Theory

The chapter concludes by considering extremal problemsin graph
theory—specifically, how many edges a graph can have without containing a
4-cycle. By setting up the contributions to edge counts from neighboring
vertices and applying the Cauchy—Schwarz inequality, we derive bounds on

the maximum edges.

Finally, we transition to Sperner's Lemma, highlighting its elegant proof
through double counting, showcasing its implications for Brouwer's Fixed

Point Theorem.

In summary, Chapter 25 elegantly weaves together various mathematical
principles, demonstrating their utility in number theory, sequence theory,
and graph theory, revealing the profound interconnections underlying simple

concepts like the pigeon-hole principle and double counting.
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Chapter 26 Summary: Tiling rectangles

### Chapter 26: Tiling Rectangles

Mathematics often presents captivating contrasts between the simplicity of
theorem statements and the complexity of their proofs. An exemplary caseis
the theorem established by mathematician Nicolaas de Bruijn, which asserts
that whenever arectangle istiled using smaller rectangles that all possess at
|least one side of integer length, the larger tiled rectangle must also have at
|east one integer-length side.

This theorem pertains to the concept of “tiling," which entails covering a
larger rectangle, denoted as R, with smaller rectangles\( T_1, T 2, \ldots,
T_m\), ensuring that these smaller tiles do not overlap. For example, if we
consider arectangle with dimensions 11 by 8.5, de Bruijn's theorem can be
applied to assert the presence of at least one integer-length side in this larger

rectangle.

De Bruijn originally proved a more extensive result regarding the packing of
\( a\times b\) rectanglesinto \( c \times d\) rectangles. Specificaly, if \( a,
b, c, d\) areintegers, then one side of \( ¢c\) or \( d\) must be divisible by
either \( a\) or \( b\). This conclusion can be derived through two

applications of hisinitial theorem, where the figures are scaled down,
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implying that if the smaller rectangles can be resized to have one side equal

to 1, then one of the dimensions must also reflect integer length.

While theinitial thought might lead to an induction-based proof, de Bruijn
and others provided multiple aternative proofs that sidestep this complexity.

Three noteworthy approaches include;

1. DeBruijn'sintegral Trick: This proof utilizes calculus through a
double integral over ageneric rectangle\( T \). By computing the integral
and showing that it equals zero only when the width (b - @) is an integer, the

proof definitively impliesthat R must also possess an integer dimension.

2. Checkerboard Coloring: This proof employs avisua method

involving a checkerboard coloring of the plane. By ensuring that each
smaller rectangle must cover an equal number of black and white squares,
the entire rectangle also needs to maintain this balance, leading to the

conclusion that it must have integer dimensions.

3. Graph Theory Approach: This method constructs a bipartite graph
where corners of tiles connecting to integer coordinates are analyzed. By
considering the vertices' degrees, the proof illustrates that an odd connection

must occur at the borders of R, thereby assuring that R has integer length.

These versatile proofs not only validate de Bruijn's insights but also extend
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naturally into higher dimensions, maintaining the essence of his theorem

across spatial considerations.

Following this discourse, the chapter transitions to a companion theorem by
Max Dehn, which focuses on tiling rectangles with squares. Dehn's theorem
posits that a rectangle can only betiled by squaresif theratio of its side
lengthsis arational number. The proof begins by establishing that if a
rectangle R can be tiled by squares, we can scale it down to arectangle with
sides\( a\) and 1. If \( a\) is not rational, contradictions arise through finite

square decompositions and linear algebraic properties.

By dissecting the areas linked to each square in the tiling, the proof
ultimately reveals that the area of the rectangle cannot align with the area
calculated from the small squares—yielding an inevitable contradiction

when one side length is not rational.

For those intrigued by the intricacies of geometric tiling and combinatorial
mathematics, further exploration can be pursued through recommended

literature that delves into this fascinating subject.
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Chapter 27 Summary: Threefamoustheoremson finite
Sets

Chapter 27: Three Famous Theoremson Finite Sets

In this chapter, we dive into the fundamental principles of combinatorics,

focusing on the properties and sizes of specific families of subsets derived
fromafiniteset \( N =\{1, 2, ..., n\} \). The discussion revolves around two
renowned theorems: Sperner's theorem and the ErdQ:¢
both pivotal in the study of combinatorial set theory.

Sperner's Theorem

The chapter begins with Emanuel Sperner’ s groundbreaking question posed
in 1928: What is the largest size of an antichain inthe set \( N \)? An
antichain is defined as afamily of subsets where no one subset contains
another. Sperner discovered that the largest antichain equals the binomial
coefficient \( \binom{ n}{\Ifloor n/2 \rfloor} \).

The theorem isformally stated as follows:

*Theorem 1: The size of the largest antichain of an\( n\)-set is\(
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\binom{ n} {\Ifloor n/2 \rfloor} \).*

To prove this, David Lubell’s method shines as particularly elegant. The
proof begins by analyzing chains of subsets arranged from the empty set to
the full set \( N \). By counting the number of chainsinvolving elements of
an antichain \( F\) and relating this to the total number of chains, one
deduces that the total number of setsin\( F\) cannot exceed the maximum

size of the binomia coefficient mentioned above.

Ultimately, it is shown that the antichains formed by all \( \Ifloor n/2 \rfloor
\)-setsfor even \( n\) and the pairs of \( \Iceil n/2 \rcell \)-sets and \( \Ifloor

n/2 \rfloor \)-sets for odd \( n\) achieve this maximum size.

ErdQs—-Ko—-Rado Theorem

Next, we shift our focus to the second theorem concerning intersecting
families of subsets. A family \( F\) of subsetsistermed intersecting if every
two sets share at least one common element. The maximum size of such
familiesisimmediate—specificaly, \( 2Y{n-1} \)—since for any set \( A \in
F\), itscomplement \( A”c = N \setminus A \) cannot bein \( F\).

The discussion progresses to intersecting \( k \)-families, where al sets

contain exactly \( k \) elements. Assuming \( n\geq 2k \) to prevent trivia
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cases, ErdQs, Ko, and Rado derived:

*Theorem 2: The largest size of an intersecting \( k \)-family inan \( n\)-set
is\(\binom{n-1}{k-1} \) for \( n\geq 2k \).*

Gyula Katona offers a compelling proof that employs alemma about arcs on
acircle, establishing limits on the number of intersecting arcsrelative to
their overlap. Utilizing thislemma, one finds that the total count of
intersecting families adheres to the established limit \( \binom{ n-1}{k-1} \).
Remarkably, while families including afixed element frequently attain
maximal sizes, the case when \( n= 2k \) allows for additional

configurations that can also reach this maximum.

TheMarriage Theorem

Finally, we explore Philip Hall’ s marriage theorem, a cornerstone in the
realm of matching theory established in 1935. This theorem addresses
conditions under which a system of distinct representatives (SDR) can exist
for acollection of subsets. Of interest is the analogy of girls seeking
marriage partners from a set of boys, where the sets\( A_i \) represent each

girl’ s preferences.

*Theorem 3: For subsets\( A_1, \ldots, A_n\) of afiniteset \( X \), an SDR
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existsif and only if the union of any \( m\) sets contains at least \( m\)
distinct elements for every \( 1 \leg m\leq n\).*

The theorem's proof applies induction. When no critical family exists (a
subset whose union has cardinality less than its size), we simplify the
collection by removing an element. If acritical family does exist, an SDR
for that family can be constructed, ensuring the condition for the remaining

setsis satisfied, thus allowing the application of induction again.

Hall's theorem not only highlights essential combinatorial principles but
serves as areference point for broader applications, enhancing the

understanding of matching theory in various contexts.

In conclusion, these three theorems—a study of antichains, intersecting
families, and combinatorial matchings—form the bedrock of modern
combinatorial set theory and exhibit the rich interplay between mathematical

logic, structure, and problem-solving in combinatorics.

Theorem Description
Sperner's Theorem The largest size of an antichain of an n-set is 2(

ErdQs—-Ko—-Rad The largest size of an intersecting k-family in an n-set is

Theorem 2(n-1,k-1) for n"e 2k.
The Marriage An SDR exists if the union of any m sets contains at least m
Theorem distinct elements.
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Chapter 28: Shuffling cards

Chapter 28: Shuffling Cards

This chapter explores the nuances of randomnessin card shuffling,
particularly focusing on the riffle shuffle—a method used frequently by card
dealers. The fundamenta question posed is: how many shuffles are required
to make a deck of cards seem random? To answer this, we must specify the
deck's size, define the type of shuffle, and clarify what we mean by

"random."
#H# Key Concepts and Definitions

1. Riffle Shuffle Introduced by Edgar N. Gilbert and Claude Shannon,

this shuffle involves splitting the deck into two parts and interleaving them.
It offers both theoretical elegance and practical application.

2. Variation Distance A measure of how close a probability distribution
Isto another, particularly the uniform distribution representing atruly
random deck. The proximity is evaluated viathis distance, which quantifies

the difference in distributions after shuffling.

3. Stopping Rules The framework established by Aldous and Diaconis
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to assess when to stop shuffling, which helps in determining when the deck
has reached a uniform distribution. A "strong uniform stopping rule" isone
that guarantees the resulting arrangement is uniformly random onceit is

stopped.
#tt Theoretical Foundations

The analysis starts with ssimpler problems like the Birthday Paradox and

the Coupon Collector's Problem.

- The Birthday Paradox highlights the surprising probability that in a
group of merely 23 people, there’' s over a 50% chance that at least two share
a birthday, demonstrating how intuitively unpredictable outcomes can

emerge from probability theory.

- The Coupon Collector's Problem asks how many draws are necessary
to collect every unique item from a set. It reveals that to collect all n unique
items, the expected number of draws needed grows logarithmically with n,

specifically about \(n\log n\).
Transitioning to card shuffling, we observe that applying multiple

permutations doesn’t yield the desired random order after just afew shuffles.

The analysis transitions to specific types of shuffles—first examiningthe To
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p-in-at-Random shuffle and later the Riffle Shuffle.

### Top-in-at-Random Shuffle

This shuffle involves taking the top card from a deck and reinserting it
randomly among the remaining cards. Analyzing this shuffle shows that
significant repetitions (more than \(n \log n\) iterations) are necessary to
approach randomness, with a rough estimate of needing about 205 shuffles

for a 52-card deck to get sufficiently randomized.
### Riffle Shuffle

The chapter transitions to the more efficient Riffle Shuffle, whereadeck is
divided and interleaved. This method is quantitatively better at mixing the
cards, as established by analyzing itsinverse process, where cards are

assigned binary labels.

The stopping rule for riffle shuffles hinges on the concept of achieving
distinct patterns among these labels. The analysis links the time taken to
achieve these patterns back to the birthday paradox and uses the resulting

probabilities to derive necessary conditions for randomness.

The main theorem from this analysis states that after performing
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approximately \(2 \log_2(n)\) riffle shuffles, the variation distance from a
uniform distribution becomes small enough to be deemed "close to random."

Thisindicates that practical shuffling requires fewer iterations than

Install Bookey App to Unlock Full Text and
Audio

Free Trial with Bookey k‘\


https://ohjcz-alternate.app.link/zWumPVSnuOb

tes after each book summary
erstanding but also make the
and engaging. Bookey has
ling for me.

Love it!

ling habit
)'s design
1al growth

'z « 3
:; ‘:
’ \
Y/ App Store \V/

' Editors’ Choice ‘:."

Positive feedback

Fantastic!!! Fi
I'm amazed by the variety of books and languages Al
Bookey supports. It's not just an app, it's a gateway bc
to global knowledge. Plus, earning points for charity to
is a big plus! m

Bookey offers me time to go through the
important parts of a book. It also gives me enough
idea whether or not I should purchase the whole

book version or not! It is easy to use!

Awesome app!

I love audiobooks but don't always have time to listen
to the entire book! bookey allows me to get a summary
of the highlights of the book I'm interested in!!! What a
great concept !!'highly recommended!

Time saver!

Bookey is my go-to app for
summaries are concise, in¢
curated. It's like having acc
right at my fingertips!

Beautiful App

\ L
Free Trial with Bookey~

This app is a lifesaver for book lovers witk
busy schedules. The summaries are spot
on, and the mind maps help reinforce wh
I've learned. Highly recommend!


https://ohjcz-alternate.app.link/zWumPVSnuOb

Chapter 29 Summary: Lattice paths and deter minants

Chapter 29: L attice Paths and Deter minants— Summary

Mathematics fundamentally revolves around proving theorems, but one of
the most coveted achievements among mathematicians is the proof of a

L emma—this statement should have wide applicability, immediate intuition
upon realization, and an aesthetic beauty in its proof. This chapter explores a
remarkable counting lemma established by Bernt Lindstrém in 1972, which
gained prominence when Ira Gessel and Gerard Viennot rediscovered it in
1985. Their paper demonstrated its effectiveness in tackling various

challenging combinatorial enumeration problems.

The chapter begins with an exploration of the determinant of amatrix \( M =
(m_{ij})\), defined through permutations. The determinant is expressed as.

\[

\text{ det} (M) =\sum_{\sigma} \text{sign} (\sigma) m_{1\sigma(1)}
m_{2\sigma(2)} \cdots m_{n\sigma(n)}

\

Here, \( \sigma\) encompasses all permutations of indices, with the sign

indicating whether the permutation consists of an even or odd number of
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transpositions.

Next, the discussion shifts to weighted directed bipartite graphs, where
vertices represent the rows and columns of \( M \). The weights\( m_{ij} \)
assign values to arrows drawn from verticesin set \( A =\{ A_1, \Idots,

A n\} )to\(B=\{B _1,\ldots, B_n\} \). Thus, the determinant becomes the

weighted sum of vertex-digoint path systems connecting these vertices.

Gessdal and Viennot's result elegantly generalizes the original determinant
representation to any finite acyclic directed graph. They define a path matrix
\(M =(m _{ij}) \) that counts directed pathsfrom set \( A \) toset \( B \).
The lemma states that:

\[
\text{ det} (M) = \sum \text{ sign} (P) w(P)
\

where \( P\) denotes vertex-digoint path systems. A crucial aspect of the
proof isthe use of an involution—a self-inverse mapping—that switches
pairs of intersecting paths, proving that non-vertex-digoint configurations

do not contribute to the determinant.

The chapter then discusses the implications of thislemma, such as

Binet—Cauchy's formula, which expresses the determinant of a product of
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matrices through the determinants of their submatrices:

\[
\text{ det} (PQ) = \sum_Z (\text{ det} (P_Z)(\text{ det} (Q_2))
\]

By interpreting matrices as path matrices, Gessel and Viennot's lemma
provides a systematic approach for analyzing determinants and enumerative

properties.

To illustrate the lemma, the authors consider the specific case of
determinants that involve binomial coefficients, connecting them with lattice
paths. In a context where two sets of natural numbers,\(a 1<a 2<...<
an\)and\(b 1<b 2<..<b n\)aregiven, they find that determinants of
matrices formed by such coefficients can be interpreted through counting
paths in adirected graph. Particularly, they derive that the determinant of a
matrix of binomial coefficients corresponds to counting vertex-digoint path

systems between the respective sets.

In summary, this chapter highlights the profound connections between
combinatorial structures and determinants, showcasing how elegantly
mathematical abstractions can yield results that are both beautiful and
practical. The foundational Gessel—Viennot lemma, which centers on

weighted path systemsin acyclic graphs, serves as a powerful tool for
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understanding determinants within the realm of combinatorics.
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Chapter 30 Summary: Cayley’sformulafor the number
of trees

Chapter 30: Cayley’s Formula for the Number of Trees

In this chapter, we delve into Cayley’s formula, a cornerstone of
combinatorial enumeration, which calculates the number of labeled trees
formed from a set of vertices. Specifically, for aset \( N =\{1, 2, \Idots, n\}
\), the number of distinct labeled trees, denoted \( T_n\), isexpressed as \(
T n=n{n-2}\).

To illustrate this, we start by manually counting trees for small values of \( n
\):

-\(T_1=1\)for asingle vertex

-\( T_2=1\) for two connected vertices

-\( T_3=3)\) for three vertices (with three configurations)

-\(T_4=16\) for four vertices.

By examining these counts, we notice that as\( n\) increases, the number of

labeled trees expands significantly.

For \( n=5\), weidentify five distinct vertices and establish three forms of
non-isomorphic trees, leading usto \( T_5 = 125\). This observation allows

us to conjecture and ultimately confirm Cayley’ s theorem: there are \(

More Free Book %‘\ R
Scan to ov-vnl


https://ohjcz-alternate.app.link/zWumPVSnuOb

"\ n-2} \) labeled trees with \( n\) vertices.

Proofs of Cayley’s Theorem

Cayley’ s theorem can be demonstrated through various elegant proofs:

1. Bijection (Prifer Code): The original and straightforward proof

involves establishing a one-to-one correspondence between treeson \( n\)
vertices and ordered sequences (called Prifer sequences) with \( n-2\) values
from 1 to\( n\). This establishes that the number of trees correlates with the
number of these sequences, thus both being \( {n-2} \). Joyal offersan
elegant variant involving distinguished vertices, revealing insights about tree

structures as ordered pairs.

2. Linear Algebra (Kirchhoff’sMatrix-Tree Theorem) By analyzing
spanning trees within complete graphs and utilizing matrix theory, we
derive that the number of spanning trees\( t(G) \) for any connected graph \(
G\) equals the determinant of a derived matrix structure. This matrix reflects
the connectivity of the graph and confirms that for complete graphs\( K_n

\), the number of spanning treesindeed resultsin\( n"*{n-2} \).

3. Recursion: A recursive approach considers forests (collections of

trees) involving \( k\) trees formed from \( n\) vertices. Through
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establishing a recurrence relation and employing mathematical induction, the
chapter presents aformulaindicating \( T_n\) corresponds with its previous

combinations, ultimately verifying Cayley’s formula as a specific case.

4. Double Counting (Refining Sequences). This innovative method

involves counting rooted trees in two different ways. A rooted forest
consists of trees with defined roots—a structure that allows counting through
dependencies between trees. This leads us to recognize the combinatorial
choices associated with adding edges, culminating in the same conclusion of
\( T_n=n"n-2} \) without needing derivative methods like induction.

Finally, the chapter highlights the historical context of Cayley’s work,
reflecting on prior contributions by mathematicians such as Carl W.
Borchardt and James Sylvester, while emphasizing the landmark
significance of Cayley’s original 1889 paper in establishing foundational

concepts in graph theory and enumeration.

In summary, Cayley's formula not only captures the essence of counting
labeled trees with a straightforward expression \( n{ n-2} \) but also
showcases the beauty of combinatorial mathematics through its diverse

proofs and historical significance.
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Chapter 31 Summary: |Identities versus bijections

In Chapter 31, titled "ldentities versus Bijections,” the author explores
significant combinatorial identities through the lens of infinite products and
partitions of natural numbers, leading to intriguing insights into their

underlying structures.

The chapter begins by considering the infinite product of the series\((1 +
X)(1 + x"2)(1 + x"3)(1 + x~4) \Idots\) and expanding it into a power series,
revealing coefficients for powers of \(x\) that denote the number of partitions
of integers—specifically, how many ways an integer \(n\) can be expressed
asasum of positiveintegers. Theinitia terms areillustrated, showing how
coefficientslike\(a 6 = 4\) and \(a_7 = 5\) suggest a growth in the number

of partitions as \(n\) increases.

In stark contrast, the product \((1 - x)(1 - x*2)(1 - x"3)(1 - x"4) \Idots\)
yields a more complex arrangement in its expansion. The coefficients appear
to be\(1, -1,\) or \(0\), challenging the reader to discern a pattern amidst this

seeming randomness.

The author contextualizes this exploration by referencing the historical
contributions of notable mathematicians such as Leonhard Euler and
Srinivasa Ramanujan, who have profoundly impacted the fields of analysis

and combinatorics. Clarity is brought to the seemingly complex identities
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through the fundamental concept of partitions: a partition is defined as a way
of writing a number as a sum of positive integers, with solutions and

structure outlined for small numbers like \(5\).

Moreover, the author constructs a product of infinite series that encapsul ates
the partitions of \(n\) in distinct configurations, leading to the formulation of
\(p(n)\), the partition function. By leveraging the expansion of the geometric
series, an identity linking the infinite product and the partition function is
established, revealing that the seriesinformed by the partitions of \(n\) leads
to elegant insights.

The text further investigates the relationship between different types of
partitions. those with odd parts denoted \(p_o(n)\) and those with distinct
parts denoted \(p_d(n)\). Through combinatorial methods and elegant proofs
using bijections, it is shown that these two partition types are equivalent for

al integers\(n\).

A specific bijection method, attributed to J. W. L. Glaisher, isthen
elaborated upon. This maps partitions into odd parts to their respective
distinct parts by organizing summands based on their multiplicities and
propertiesin binary form. This mapping serves as a bridge between distinct
and odd partitions, ultimately reaffirming the previously established
partition equality.
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The chapter transitions into identifying patterns in the expansion of the
infinite product \(\prod { k\gel} (1 - x”k)\). The author introduces pentagonal
numbers, which play acrucial role in the symmetry of this expansion. The
narrative leads to Euler’ s theorem, which connects these numbersto the

overarching theme of partitions and their alternating series.

Aninvolution is presented through the construction of a bijection that swaps
partitions characterized by even and odd partitions, fol- lowed by examples
I[lustrating how one can convert between these representations. The chapter
culminates with a deeper examination of the illustrious Rogers-Ramanujan
identities, emphasizing their complex yet beautiful symmetry and

challenging nature.

Overall, Chapter 31 adeptly weaves numerous mathematical conceptsinto a
cohesive understanding of partitions, identities, and the combinatorial
elegance that emerges from formal power series and their corresponding
bijections, leaving readers with an appreciation for the intricate rel ationships

within number theory.
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Chapter 32: Completing Latin squares

### Summary of Chapter 32: Completing Latin Squares

L atin squares, foundational objects in combinatorial mathematics dating
back centuries, are nxn arrays filled with numbers from 1 to n such that each
number appears exactly oncein every row and column. This chapter
explores the problem of completing a partial Latin square, defined as an nxn
array where some cells are filled but adhere to the single occurrence rule in
each row and column. The core question posed is. under what conditions can

apartial Latin square be completed into afull Latin square?

To illustrate, consider various examples where specific rows are filled, from
fully filled n-1 rowsto just asingle filled row. Each scenario offers distinct
levels of flexibility in completing the square. While filling the last empty
row when thefirst n-1 are pre-filled is straightforward, it becomes
increasingly challenging when only afew cells are filled, or worse, if the
filled cells create unsolvable conflicts, exemplified in one case where

attemptsto fill acorner violate the row and column conditions.
This leads to the introduction of Evans conjecture, raised by Trevor Evans

in 1960, positing that any partial Latin square with fewer than n cellsfilled

could always be completed. This conjecture set the stage for inductive
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proofs, culminating in Bohdan Smetaniuk's constructive proof in 1981,
which explicitly outlines a method to fill any initial partial configuration into

afull Latin square.

The chapter further details essential terminology and frameworks
surrounding partial Latin squares. A key concept isviewing a Latin square
through itsline array, effectively a3 x n? representation that highlights
the interplay between rows, columns, and elements. Through this lens, we
find that permutations within this structure can yield conjugate squares,

providing alternative perspectives for completing the configurations,

Two significant lemmas underpin Smetaniuk’s proof. The first asserts that an
(r x n) Latin rectangle—formed from r filled rows—can be extended into an
((r+1)xn) rectangle, ultimately leading to a completed Latin square. The
proof employs Hall's theorem, which ensures the appropriate arrangement of

elementsto fulfill necessary conditions under various configurations.

The second lemma establishes that any partial Latin square with at most n -
1 filled cells can achieve afull Latin square completion. Smetaniuk's
theorem is proven through induction on n, revealing a reliance on organizing

elements effectively within rows and columns to satisfy completion criteria.

Central to the completion process is an intricate exchange mechanism for

elements across rows and columns, carefully ensuring that no repetitions
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occur within respective confines. This methodology finalizes with returning
to asimpler structure, filling the final row with remaining elements from the

completed configuration.

In summary, Chapter 32 delves into the complexities of completing Latin
squares, weaving through foundational elements, theorems, and proofs that
illuminate both the elegance and the inherent challenges of manipulating
these combinatorial structures. The chapter concludes that far from being

mere puzzles. Latin squares are profound components of combinatorial
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Chapter 33 Summary: The Dinitz problem

#H# Summary of Chapter 33: The Dinitz Problem

The Dinitz problem, introduced by Jeff Dinitz in 1978 and solved by Fred
Galvin in 1993, highlights the challenge of coloring an \( n \timesn\) grid
with specific limitations on color choices, a concept closely tied to the
development of graph theory. Each cell in the grid correspondsto avertex in
agraph, and the goal isto select colors for each cell such that no two cellsin
the same row or column share a color. While the problem seems
straightforward, its complexity arises when cell color sets vary, making it
not just a standard L atin square problem but one that involves varying

accessibility of colors.
### The Problem Restated

To understand the challenge, let's consider the case where all cells have the
same set of colors, {1, 2, ..., n}, which equates to constructing a L atin
square. However, when each cell's color option is different, conflicts can
emerge in adjacent rows and columns, complicating the coloring
significantly. For instance, if arow necessitates specific colors that restrict

choices in subsequent rows, conflicts can arise leading to no valid colorings.

More Free Book %‘\ R
Scan to ov-vnl


https://ohjcz-alternate.app.link/zWumPVSnuOb

### Graph Theory Interpretation

In terms of graph theory, we define the graph \( S _n\) as having vertices
representing the cells of the\( n\timesn)\) array. Vertices are adjacent if they
arein the same row or column. The task then transforms into determining
the list chromatic number \( \chi_{\el}(S_n)\), which relates to the smallest
color set allowing for avalid coloring according to specific lists set for each
vertex. Basic resultsindicate \( \chi(S) \leg \chi_{\dl} (S) \), underscoring
that list coloring is a more general (and thus potentially more complex) form

of traditional graph coloring.

### Key Findings Leading to the Solution

Jeanette Janssen made strides in the problem by proving that \(
\chi_{\el}(S_n)\leqn+ 1\). However, the crowning achievement came
from Galvin, who utilized existing results to demonstrate that \(
\chi_{\el}(S_n) =n\).

Galvin's approach involved using directed graphs and the concept of
"kernels," which are independent subsets of vertices ensuring stability in
color selection. Furthermore, this led to the need for an orientation of \( S_n
\) that maintained certain outdegree constraints and allowed for every

induced subgraph to possess a kernel.
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One significant concept introduced was "stable matchings,”" arefined version
of matchings in bipartite graphs where preferences play acrucia role. It
emphasizes that for a stable pairing of choices, conditions must prevent

mutual preference conflicts.

#tH# Conclusion and Future Directions

Galvin's comprehensive proof showed that the list chromatic number for \(
S _n\) matches its chromatic number, confirming \( \chi_{\ell} (S n) =n\).
This resolution not only solved the Dinitz problem but also raised questions
regarding broader conjectures in graph theory, particularly concerning the
relationship between chromatic numbers and list chromatic numbers for

different graph types.

In summary, the Dinitz problem underscores the complexities underpinning
graph theory, with its implications reaching into broader mathematical
conjectures, demonstrating that what appeared to be a straightforward

coloring task encompasses a rich depth of theoretical exploration.
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Chapter 34 Summary: Five-coloring plane graphs

#H# Summary of Chapter 34: Five-coloring Plane Graphs
Introduction to Plane Graphsand Coloring

Chapter 34 delves into the study of plane graphs and their colorings, rooted
in graph theory and linked historically to the famous four-color problem.
This problem originated from the quest to determine whether four colors
suffice to color the regions of any map such that no two adjacent regions
(which share a boundary) are colored the same. A significant result from this
study isthe realization that coloring regions can be reframed as coloring the
vertices of arelated plane graph—a structure obtained by placing verticesin

the center of each region and connecting neighboring regions with edges.
The Four-Color Problem and Historical Context

Over the years, several attempts were made to prove the four-color theorem;
however, it was ultimately established through computer-assisted proofs by

Appel and Haken in 1976, as well as more recent proofs by Robertson,

Sanders, Seymour, and Thomasin 1997. These proofs involved a unique
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blend of centuries-old ideas and modern computational techniques.
Presently, the consensus remains that while proofs exist leveraging
computers, a concise and elegant proof akin to those in traditional

mathematics, referred to as "proofs from The Book," is still sought.

The Five-Color Theorem

The focus shifts to a more approachable question: whether every plane graph
can be colored using five colors. Heawood had previously demonstrated that
thisisindeed feasible. The proof utilizes Euler’ s formula, which relates the
number of vertices, edges, and regions in a connected plane graph (noting
that this relationship indicates that every plane graph is at least
six-colorable). The chapter illustrates how to apply this concept through

induction based on the number of vertices.

| nduction on Vertex Count

Starting with small graphs and progressing through induction, the proof
shows that if a plane graph G has avertex of degree at most five, one can
remove that vertex to assess the coloring of the resulting graph. Since the
removed vertex engages only with a maximum of five others, any valid

coloring of the remaining graph can be extended to include the removed
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vertex without repetition of colors. This establishes that every plane graph

can indeed be colored with six colors.

List Chromatic Number

The chapter transitions to an exploration of the "lis
(G), where researchers, including ErdQs, Rubin, and
every plane graph potentially has alist chromatic number not exceeding

five. Thistheory was verified through various examples, one notably

constructed by Margit Voigt, illustrating a graph that adhered to this

conjecture.

Carsten Thomassen provided a significant proof that all planar graphs are
5-choosable, emphasizing how adding edges can only augment the
chromatic number of the graphs. The proof focuses on specific attributes of
"near-triangulated" graphs, those whose outer boundaries are formed by

triangles.

Exploration of Cases and Proven Theorems

Different cases are discussed to solidify the proof of the list chromatic

number. In particular, it also touches on the conjecture suggesting that the
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list chromatic number should be at most one greater than the chromatic
number of plane graphs, which holds true under various instances,

contingent on specific characteristics of the graphs being analyzed.

However, a counterexample was later found for the case of graphs where the
chromatic number equals three, leading to further insights and investigations
by Margit VVoigt and others, showcasing that while some graphs exhibit a

chromatic number of three, they can possess alist chromatic number as high

asfive.

## Conclusion

This chapter outlines essential developments in the coloring of plane graphs,
presenting a narrative that intertwines historical advancements with modern
mathematical inquiry. It demonstrates both the endearing complexity of the
four-color problem and its offspring, the explorations in five-coloring and
list chromatic numbers, marking significant milestones in the field of graph

theory.
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Critical Thinking

Key Point: The importance of collaboration and building upon
historical knowledge

Critical Interpretation: Imagine standing on the shoulders of giants as
you navigate the complexities of your own challenges. Just like the
mathematicians who tackled the four-color problem, you too can find
inspiration in collaboration and knowledge sharing. Embrace the
lessons from those who have come before you, and don't shy away
from leveraging modern tools and techniques to solve problems
creatively. This spirit of cooperation and innovation can guide you not
only in academic pursuits but also in life, encouraging you to work
with others and seek diverse perspectives to overcome obstacles and

achieve your goals.
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Chapter 35 Summary: How to guard a museum

Chapter 35: How to Guard a Museum

This chapter presents a fascinating mathematical problem first proposed by
Victor Kleein 1973 concerning the optimal placement of guardsin a
museum to ensure that every point is monitored. The museum is abstracted
as a closed polygon with \( n\) sides, and the goal is to determine the

minimum number of guards needed.

In a convex polygon, one guard suffices to oversee the entire space.
However, for more complex polygons, the requirements change. The chapter
introduces the "art gallery theorem," a significant result stating that, for any
polygon with \( n\) walls, at least \(\Ifloor \frac{ n}{ 3} \rfloor\) guards are

necessary to cover the entire area.

To illustrate this, we consider a comb-shaped museum with\( n=3m}\)
walls requiring at least \( m\) guards. Each wall dividing the polygon creates
digoint triangular sections, each necessitating coverage by aguard. This
|eads to the conclusion that \(\Ifloor \frac{ n}{ 3} \rfloor\) guards can be
effectively positioned to watch every triangle and, by extension, the entire

museum.
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To prove the theorem, we follow a strategy involving triangulation, where
one connects vertices with non-crossing diagonals to form triangles within
the polygon. This transforms the polygon into a plane graph that can be
efficiently 3-colored—an essential step for guard placement. The induction
argument applied here shows that at least one of the color classes won't
exceed \(\Ifloor \frac{ n}{ 3} \rfloor\) vertices, confirming the optimal

number of guards required.

A key point discussed is the existence of triangulations for non-convex
polygons, which while generally true, does not extend to three-dimensional
shapes. The chapter mentions Schonhardt’ s polyhedron as a counterexample

that demonstrates the failure of triangulation in higher dimensions.

Furthermore, the chapter explores variants of the art gallery theorem, such as
scenarios where guards may only patrol specific sections or where all guards
must be stationed at the vertices of the polygon. A particularly intriguing
variant poses the question of how many guards are needed if each isonly
allowed to patrol along asingle wall. An example presented shows that
\(\Ifloor \frac{ n}{4} \rfloor\) wall guards might be necessary for certain

polygons, though a comprehensive proof remains elusive.
Throughout the chapter, the mathematical principles governing space

coverage and colorability in graph theory are elegantly interwoven with

practical implications for museum security, inviting further exploration and
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Chapter 36: Turan’sgraph theorem

### Summary of Chapter 36: Turan’'s Graph Theorem

In this chapter, we delve into Paul Turan's theorem, a cornerstone of
extremal graph theory established in 1941. This theorem addresses a
fundamental question in graph theory regarding the limits of edge density in
graphs that avoid complete subgraphs, known as p-cliques. A p-cliqueisa
subset of vertices where every pair of verticesis connected by an edge,

denoted as Kp.

#HH# Introductory Concepts

We start by defining key terms: asimple graph \( G \) consists of a vertex set
\(V =\{v_1,\ldots, v_n\} \) and an edge set \( E\). The question posed by
Turan is: What is the maximum number of edges\( |E|\) inagraph\( G\)

that does not contain a p-clique?

#H# Examples and Notation

To visualize this, we can partition the vertex set \( V \) into \( p-1\) digoint
subsets. If vertices from different subsets are connected by edges but those
within the same subset are not, we denote this configuration as\( K_{n_1,
\Idots, n_{p-1}} \). The construction of such graphsillustrates that edge

distribution is a critical aspect in maximizing edge count while adhering to
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the absence of p-cliques.

#HH# Initial Proofs and Maximum Edges

We explore multiple proofs of Turan’s theorem. The first approach
showcases that for any distribution of vertex weights, the maximum edges
achievable under the constraint of not having p-cligues can be expressed
mathematically. The best scenario occurs when each subset of verticesis
equally weighted, yielding the conclusion that the maximum number of
edges does not exceed \(\frac{ 1} { 2} \left(1 - \frac{ 1} { p - 1}\right) n"2\).

#HH# Introduction of Probability Concepts

In a subsequent proof, we employ probabilistic methods. Here, the degree of
avertex \(v_i\) (defined as\( d i \)) influences the formation of cliques. By
randomly permuting the vertex set and analyzing the connections, we derive
that the expected size of a clique provides alower bound for clique number
\( \omega(G) \). The use of Cauchy—Schwarz inequality in this context
allows usto reinforce the relationship between the number of edges and the

presence of cliques, leading to Turan’sinequality.

##H Final Proof and Uniqueness of Turan Graph

The most elegant proof, which is attributed to knowledge diffusion in the
field rather than a single author, allows us to conclude that the graph
structure G must be a complete multipartite graph \( K_{n_1, \ldots,

n {p-1}} \) to ensure maximal edge count without containing a p-clique.
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This proof involves logical reasoning about edge connections and the
degrees of vertices leading to contradictions if any edges violate Turan’'s

constraints.

#i# Conclusion

Turan’ s theorem not only sets a benchmark for edge density in graphs
devoid of specified cliques but also highlights the interplay between
combinatorial structures and extremal properties. The referenced
foundational worksin graph theory underscore the theorem's significance

and its application in various mathematical contexts.
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Chapter 37 Summary: Communicating without errors

Communicating Without Errors: Chapter 37 Summary

In 1956, Claude Shannon, a pioneer of information theory, posed a critical
guestion regarding error-free message transmission over unreliable channels.
Thisinquiry revolves around determining the maximum rate of transmission

allowable, enabling the receiver to accurately recover the original message.

Shannon conceptualizes the "channel" asagraph \( G = (V, E) \), comprised
of symbols\( V \) interconnected by edges \( E\) that indicate potential
confusion between symbols during transmission. For instance, in spoken
communication, similar-sounding symbolslike"B" and "P" would be linked
as they can be mistaken for each other. The framework is refined using the

concept of a confusion graph, with a notable example being a5-cycle\( C 5

).

In Shannon's approach, he identifies that although all five symbolsin\( C 5
\) can be used theoretically, to communicate without errors, only two
represent distinct and non-confusable symbols are viable for transmission.
This principle trand ates to the so-called independence number \( \a pha(G) \)
of the graph, where the information rate for transmitting single symbols

becomes \(\log_2(\alpha(G))\). As symbols can form strings of greater
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lengths to enhance accuracy, Shannon evaluates independent sets across
larger strings, concluding that there’ s no loss in information rate by using

longer strings.

Critical to Shannon’ s findings, the zero-error capacity of agraph\( G\) is
expressed as:

\[
\Theta(G) =\sup_{n\geq 1} n\sgrt{\alpha(G"n)}
\

He specifically analyzes\( C_5\) to assess its capacity, discovering bounds
that suggest \( \sgrt{ 5} \leq\Theta(C 5) \leq \frac{5}{2} \). Shannon's
pursuit of calculating \( \Theta(C_5) \ remained unresolved for over two
decades until mathematician Laszl6 Lovasz achieved this through innovative

techniques.

L ovéasz introduced the concept of representing graph vertices by real unit
vectors, termed an orthonormal representation, ensuring that vectors of
non-adjacent vertices are orthogonal. Utilizing such a representation, he
demonstrated that the height of an umbrella-like geometric construct (akin to
afive-ribbed umbrellafor \( C_5\)) could provide a precise bound for \(
\Theta(C_5) \). His calculations indicated that \( \Theta(C_5) \) equatesto \(

\sgrt{ 5} \).
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Lovéasz further established that using an orthonormal representation with a
consistent inner product across all bases optimizes bounds for the
independence number \( \alpha(G) \) of any graph \( G\). Thus, he argued
that \( \Theta(G) \) can be effectively derived through these representations.

Finally, the chapter explores eilgenvalue properties associated with adjacency
matrices of cycle graphs\( C_m\). By examining the eigenval ues derived
from the cycles, Lovasz could extend the understanding of \( \Theta(C_m) \)
for odd cycles and similar structures, indicating a nuanced relationship

between elgenvalues and graph capacity.

In summary, Chapter 37 encapsul ates the foundational aspects of Shannon's
theory and Lovasz' s breakthroughs, elucidating the elegant mathematical
framework underlying error-free communication. Through the interplay of
graphs, vectors, and matrix algebra, this discourse enhances our grasp of

information theory and its complex challenges.
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Chapter 38 Summary: The chromatic number of Kneser
graphs

##t The Chromatic Number of Kneser Graphs - Chapter 38 Summary

In 1955, mathematician Martin Kneser formulated a problem regarding
graph theory, specifically concerning the chromatic number of Kneser
graphs, denoted as K(n, k). This problem remained unresolved until it was
addressed nearly 23 years later by Laszl0 Lovéasz, who employed the
Borsuk—Ulam theorem from topology to achieve an unexpected resol ution.
Following Lovéasz, Imre Barany provided a more streamlined proof by
integrating the Borsuk—Ulam theorem with existing results, and in 2002,

undergraduate Joshua Greene further simplified Barany's argument.

To understand the Kneser graph K(n, k), we need to define its vertex set V(n,
k)—the collection of k-subsets of the integer set {1, 2, ..., n}. Two k-sets are
considered adjacent in the graph if they are digjoint, meaning they share no

common elements. For cases where nislessthan 2k, every pair of k-sets

intersects, resulting in agraph with no edges. Therefore, we focus on

scenarios where nis at least 2k. The independence number of K(n, k) can be
found through the ErdQs—-Ko-Rado theorem, leading
the chromatic number, denoted as C(K(n, k)), must b
nk/(n-1)C(k-1).
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Kneser’'s conjecture specifically states that C(K(2k -
IS the non-negative integer that satisfies n = 2k + d. Through a methodical
approach, one can derive a simple coloring scheme for K(n, k) utilizing d +

2 colors, reinforcing the conjecture’ s validity.

Though an initial attempt to prove Kneser’ s conjecture might involve
induction, the approach proved problematic. Lovasz reframed the conjecture
as an existence problem, needing to demonstrate that if the k-sets of {1, 2,

..., 2k + d} are partitioned into d + 1 classes, at |east one class contains a pair
of digoint k-sets.

The Borsuk—Ulam theorem asserts that for any continuous map from a
d-sphere to d-dimensional space, there exist antipodal points that map to the
same point. Lovéasz utilized this theorem alongside an additional result from
David Gale, which states that for any arrangement of 2k + d points on the
d-sphere, every open hemisphere includes at least k points.

Greene demonstrated that the proof of Kneser’s conjecture could be
simplified by using any arrangement of 2k + d points on a higher
dimensiona sphere S*(d+1) in genera position, rather than relying heavily

on Gal€' s theorem.

The proof outlined shows that given a partition of the k-subsets of 2k + d
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pointsinto d + 1 classes, one can identify at least one class that contains
digoint k-sets. It hinges on noting that open hemispheres defined by points
in the sphere will have digoint intersections, ensuring at least one valid pair
of digoint k-sets exists in the same partition class. Contrarily, if both k-sets
belonged to the same hemisphere, they would intersect, which contradicts

the requirements.

Finally, the chapter discusses whether such sophisticated theorems are
necessary for finite sets, highlighting that even combinatorial arguments can
have topological underpinnings, hinting at the interconnectedness of

mathematical disciplines.

Thisintricate yet elegant interplay between combinatorial properties and
topological resultsillustrates the depth of Kneser's conjecture and the

influence of fundamental theorems in elucidating challenging mathematical

concepts.
Key Aspect Summary
Problem Martin Kneser formulated a problem about the chromatic number of
Origin Kneser graphs K(n, k) in 1955.
: Laszlo Lovasz solved the problem in 1978 using the Borsuk—Ulam
Resolution

theorem. Imre Barany and Joshua Greene later simplified the proof.

Kneser Graph K(n, k) consists of k-subsets of {1, 2, ..., n}; k-sets are adjacent if they
Definition are disjoint.
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Key Aspect Summary

Independence Determined using the ErdQs—-Ko-Rado theorem, leadi

Number C(K(n, k)) = nk/(n-1)C(k-1).
Kneser's States C(K(2k + d, k)) = d + 2; a simple coloring sch
Conjecture colors verifies this conjecture.

Initial attempts used induction but were complex; Lovasz framed it as

Proof Strategy proving an existence problem.

Borsuk—Ulam States that for any continuous map from a d-sphere to d-space,
Theorem antipodal points map to the same point.

Greene's Showed that a simpler arrangement of points in higher-dimensional
Contribution space sufficed for the proof.

Explores the necessity of topological theorems for finite sets,
Conclusion highlighting the connection between combinatorial and topological
arguments.
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Chapter 39 Summary: Of friends and politicians

##t Of Friends and Politicians: Chapter 39 - “A Politician’s Smile”

In this chapter, a mathematical exploration begins with the intriguing
concept known as the "friendship theorem." This theorem states that if every
pair of individualsin agroup has exactly one mutual friend, then there must
exist a least one individual (referred to as the "politician") who isafriend to

everyone in that group.

This concept can be visualized using graph theory, where individuals are
represented as vertices, and friendships are indicated by edges connecting
these vertices. The assumption is that friendships are symmetric—if one
person is afriend of another, the relationship is mutual—and that no one can
be a friend to themselves. Thus, the friendship theorem can be reformul ated
in graph terms: for afinite graph \( G\) where every pair of vertices shares
exactly one common neighbor, there must be one vertex connected to every

other vertex.

One particular type of graph that fulfills this criterion is known as a
"windmill graph," where the politician (or vertex that connects with all
others) can be clearly identified. Interestingly, windmill graphs emerge as

the sole type of graph exhibiting this property. The chapter notes a striking
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fact: the friendship theorem does not apply to infinite graphs. A particular
construction starting from afive-cycle can lead to countably infinite graphs

lacking a common vertex friend.

The authors, Paul ErdQs, Alfred Rényi, and Vera SO
proof of the friendship theorem that can be boiled down to two key steps:

combinatorial reasoning and linear algebra application.

1. Combinatorial Analysis: The proof begins by assuming the theorem is
false, indicating agraph \( G \) exists where no single vertex is adjacent to
al others. The analysis shows that \( G \) adheresto a property where all
vertices not directly connected must have the same degree (the number of
edges connected to them). This equality stems from the constraints placed by
the theorem, particularly the absence of cycles of length four (the
C4-condition). The reasoning concludes that \( G \) must be aregular graph,

meaning every vertex shares the same number of connections.

2. Linear Algebra: The second part employs linear algebrato analyze

the adjacency matrix of the graph. Here, the key deductions revolve around
the relationships of eigenvalues. The analysis leads to contradictions that
assert that the earlier assumption of the existence of a counterexample graph
cannot hold, reinforcing that the only valid configurations are those of the

windmill graphs.
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Following this theorem’ s compl etion, the chapter introducesK otzig's
Conjectur e, which posits that no finite graph can exist where any two
vertices are connected by precisely one path of length greater than two.
Although verified for lengths up to eight and subsequently for lengths even
longer (up to thirty-three), a comprehensive proof remains elusive. This
conjecture illustrates the complexity and richness of graph theory beyond the

initial findings of the friendship theorem.

### Conclusion

The chapter deftly blends mathematical theory with logical proof, exploring
not just the nature of friendshipsin graph representations but also the
broader implications of these ideas in understanding interconnectedness in
graphs. The friendship theorem, grounded in finite graphs, serves as a
gateway to deeper inquiries within the realm of graph theory, exemplified by

Kotzig' sintriguing conjecture on path lengths.
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Chapter 40: Probability makes counting (sometimes) easy

In Chapter 40 of the text, the discussion centers on
contribution to mathematics—the probabilistic method—devel oped

alongside Alfred Rényi. At its core, the probabilistic method states that if the
probability of a certain property not existing among a set of objectsfalls

below 1, then at least one object must possess that property. The chapter

provides various examples to illustrate this powerful approach.

The first example introduces 2-coloring of afamily of d-sets, whereitis
established that afamily with at most \(2*{ d-1}\) d-sets can be effectively
colored with two colors. The theorem, proven through probability, shows
that the event where all elements of any set in the family are the same color
occurs with alow probability, thus confirming the existence of avalid

2-coloring.

The chapter progresses to the concept of Ramsey numbers, which represent

the smallest number of vertices needed in a complete graph such that no

matter how the edges are colored, a certain monochromatic complete

subgraph will always emerge. ErdQs introduces a rec
estimate these Ramsey numbers, leveraging lower and upper bounds to

define R(m,n). The chapter presents a proof that establishes alower bound

for R(k,k), affirming the existence of such complete subgraphs even with

colorings avoiding large monochromatic cliques.
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Next, the text explores a ground-breaking theorem regarding triangle-free

graphs and their chromatic numbers, asserting that graphs can achieve high
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